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Abstract 

We discuss how to systematically compute the asymptotic symmetry algebras of generic 
three-dimensional bosonic higher-spin gauge theories in backgrounds that are asymptot- 
ically AdS. We apply these techniques to a one-parameter family of higher-spin gauge 
^H ' theories that can be considered as large N limits of SL{N) x SL[N) Chern-Simons theo- 

ries, and we provide a closed formula for the structure constants of the resulting infinite- 
dimensional non-linear W-algebras. Along the way we provide a closed formula for the 
structure constants of all classical Wn algebras. In both examples the higher-spin gener- 
ators of the W-algebras are Virasoro primaries. We eventually discuss how to relate our 
basis to a non-primary quadratic basis that was previously discussed in literature. 
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1 Introduction 

In a three-dimensional space-time the httle group of massless particles does not admit 
representations with arbitrary helicity. Nevertheless, one can still consider the analogues 
of the field equations that for D > 3 describe the free propagation of spin-s massless 
particles, although in Z) = 2 + 1 they do not propagate any local degree of freedom 
for s > 1. Any non-linear completion of these field equations defines a three-dimensional 
higher-spin (HS) gauge theory, at least as a classical theory. The first member of this class 
is just Einstein gravity, which does not admit wave solutions in D = 2 + 1. Despite the 
lack of propagating degrees of freedom, these toy models already display many features 
of their higher-dimensional counterparts. They thus often provide a manageable testing 
ground for various ideas on field theories involving higher spins. 

A marked simplification arises when one considers pure HS gauge theories without 
matter: in D = 2 + 1 the coupling of massless higher-spin fields to gravity can be described 
by a Chern-Simons (CS) action for any value of the cosmological constant [1]. On the other 
hand, in higher space-time dimensions the non-linear field equations of Vasiliev [2] require 
a non- vanishing cosmological constant (see [3, 4] for a review), while on fiat backgrounds 
a classification of cubic vertices is now available [5], but a complete interacting theory is 
still lacking (see [6] for an account of the state of the art). 

Even if it is not needed to handle a full interacting theory, a negative cosmological 
constant plays an important role in D = 2 + 1. In the gravitational sector it allows for 
a richer space of solutions, still without gravitational waves but with black holes [7]. It 
also allows to build three-dimensional counterparts of Vasiliev's models [8], describing 
the coupling of two or four scalars to a HS gauge sector. The latter toy models provide 
a natural arena to test - with suitable extrapolations - various proposals that relate 
holographically Vasiliev's theory to conformal field theories. This interplay was first 
investigated by Sezgin and Sundell [9] (see also [10] for earlier suggestions), while recently 
various groups independently elaborated upon a conjecture by Klebanov and Polyakov, 
that links Vasiliev's theory on AdS4^ to the large N limit of the three-dimensional critical 
0{N) vector model [11, 12]. 

A first step toward the characterisation of possible two-dimensional CFT duals was 
performed in [13, 14], with an analysis of the asymptotic symmetries of some three- 
dimensional classical HS gauge theories. The outcome generalises an earlier result by 
Brown and Henneaux [15], that defined the class of asymptotically Anti de Sitter solu- 
tions of three-dimensional Einstein's equations such that it contains all physically relevant 
solutions and all its elements have finite boundary charges. In D = 2 -\- 1 these condi- 
tions allow for an enhancement of asymptotic symmetries from the AdS algebra to two 
copies of a centrally extended Virasoro algebra, with a central charge that grows with the 
AdS radius. Adding massless higher-spin fields maintains the conformal symmetry and 
actually extends it: each Virasoro algebra is replaced by a centrally extended non-linear 
W-algebra, with the same central charge as in pure gravity (see [16] for an introduction to 



W-algebras). The classical asymptotic W-symmetries of [13, 14] were then shown to sur- 
vive even at the quantum level in [17], and these observations led Gaberdiel and Gopaku- 
mar to conjecture in [18] a duality between suitable large A^ limits of minimal model 
CFT's with Wat x Wn symmetry and the Vasiliev-like models of [8] (see also [19, 20, 21] 
for some recent additional checks of this conjecture and [22, 23] for its extension to other 
classes of minimal models). 

In [13, 14, 19] the identification of asymptotic symmetries rests heavily upon the CS 
formulation of the HS dynamics, somehow following the derivation of [24] of the original 
Brown-Henneaux result. On the one hand, the CS action enables one to define quite 
straightforwardly the boundary charges [25]. On the other hand, CS theories defined on a 
manifold with boundary admit a non-trivial boundary dynamics, generically described by 
a Wess-Zumino-Witten (WZW) action (see, for instance, [26] and references therein). As 
a result, the Poisson structure on the phase space of boundary excitations is generically 
an affine algebra. However, even if the action of three-dimensional HS gauge theories can 
be cast in a CS form, not all solutions of the CS theory are admissible classical higher-spin 
configurations. Selecting the class of asymptotically AdS solutions imposes a constraint on 
the phase space of the boundary theory and W-algebras emerge as Dirac-bracket algebras 
on the constrained phase space. 

In the mathematical literature this way of constructing classical W-algebras out of 
affine algebras is known as Drinfeld-Sokolov (DS) reduction (see [27] for a review), and it 
was first applied to WZW theories at the end of the eighties [28]. It associates a classical 
centrally extended W-algebra to any semisimple Lie algebra, independent of whether it 
is the gauge algebra of a sensible toy model for higher-spin interactions or not. In this 
paper we propose a procedure to compute the structure constants of any W-algebra that 
can be obtained by a DS reduction, and we apply it to a class of algebras that are relevant 
to the study of higher spins. 

In Section 2 we begin by recalling the interplay between the DS reduction and the 
asymptotic symmetries of three-dimensional HS gauge theories. Then we present our 
procedure to "reduce" a generic affine algebra. We eventually use this tool to shed light 
on some general properties of the resulting W-algebras and to analyse some examples that 
lay outside of the class of algebras considered in the following sections. Let us already 
mention that the DS construction rests upon a gauge choice: different choices lead to 
different bases for the W-algebra. Our analysis is focused on the so called "highest- weight 
gauge", thus providing an alternative to similar results that were previously obtained in 
the so called "[/-gauge" (see chapter 9 of [27]). The highest-weight choice gives a W- 
algebra where all generators are primaries with respect to the lowest-spin ones. In the 
absence of spin-1 generators all of them are thus Virasoro primaries. In the general case 
one can easily recover a basis with this property by shifting the Virasoro current with the 
Sugawara energy-momentum tensor built from spin-1 currents. 

In Section 3 we return to three-dimensional HS gauge theories. Besides them there 
is a one-parameter family that plays a distinguished role, and we focus on it. It was 



first discussed in [29, 30, 31, 32, 33] in the late eighties, when the subject was in its 
infancy. All its members are bosonic theories describing, for generic values of a parameter 
A, the coupling to gravity of a set of massless fields where each integer spin from 3 
onwards appears once. The interest in this family is twofold: on the one hand, for integer 
X = N the CS action reduces to that of a SL{N) x SL{N) theory, while all other values 
of A provide a sort of large A^ limit of this rather natural class of toy models for HS 
interactions, out of which the case N = 2 coincides with Einstein gravity [34, 35]. On 
the other hand, whenever no truncations arise, the field content is the same as in the 
gauge sector of Vasiliev's models, that are actually built upon the same gauge algebras 
[8] . The corresponding W-algebras are thus expected to emerge also in the large A^ limit 
of Wn X VVtv minimal models, as discussed in [19, 20, 21]. 

Even if for different values of A the field contents coincide, the gauge algebras are 
inequivalent [29, 33]. Therefore, as already pointed out in [19], different A lead to inequiv- 
alent asymptotic symmetries. These are given by two copies of an infinite-dimensional 
non-linear W-algebra, that we denote by Woo [A] as in [19]. This family of W-algebras was 
introduced independently in [36] and [37], in a non-primary basis with at most quadratic 
non-linearities appearing in the Poisson brackets. In Section 3 we use the machinery 
developed in Section 2 to provide a closed formula for all structure constants of Woo [A] 
in a Virasoro-primary basis. Our formula reproduces the results for the first few spins 
that were computed in [19]. Setting X = N also gives a closed formula for the structure 
constants of Wn in a Virasoro-primary basis. In Section 4 we eventually discuss how to 
relate systematically our presentation of Woo [A] to the quadratic basis of [36]. The paper 
closes with a summary of our results and some appendices. Appendix A summarises the 
structure constants of the one-parameter family of higher spin algebras that we consider. 
In Appendix B we collected the proofs of some formulae appearing in the main text, in 
particular the formula for the structure constants of Woo [A]. Finally, in Appendix C we 
display the Poisson brackets of the examples of W-algebras that we discuss in the main 
body of the text. 

Let us finally stress that the characterisation of asymptotically AdS solutions that 
triggers our analysis goes beyond the identification of proper fall-off conditions at spa- 
tial infinity. Rather, it selects exact solutions of the field equations. The study of exact 
solutions is another interesting arena where one may take advantage of the simplicity of 
three-dimensional toy models to extract information on their higher- dimensional counter- 
parts. Exact solutions of Vasiliev's models in D > 3 were first obtained in [38] (see [4] for 
a review), while recently solutions displaying various similarities with gravity black holes 
were presented in [39]. On the three-dimensional side various issues on exact solutions 
were discussed in [8, 40, 14, 41, 42, 43]. In Section 3.1.1 we discuss how one could extend 
an earlier proposal of [14] in order to express our exact solutions in an alternative form 
involving only Lorentz-invariant metric-like fields (see [44] for a review of the metric-like 
formulation). Aside from making more transparent the identification between CS theories 
and HS gauge theories, we hope that this interplay between alternative approaches pro- 
vides useful tools to better understand the exact solutions already discussed in literature. 



such as the intriguing HS generahsations of gravity black holes [39, 40, 42, 43]. 

2 Asymptotic symmetries from Drinfeld-Sokolov re- 
duction 

A three-dimensional pure higher-spin (HS) gauge theory coupled to gravity in backgrounds 
that are asymptotically AdS can be described by a Chern-Simons (CS) theory supple- 
mented by suitable boundary conditions [13, 14]. These translate into the Drinfeld-Sokolov 
(DS) constraint on the centrally extended loop algebra that appears on the boundary of a 
CS theory. Therefore, asymptotic symmetries are described by the W-algebras that arise 
from the DS reduction. In this section we first review the DS reduction in the context 
of HS gauge theories. We then provide an algorithm to perform it in the highest-weight 
gauge, from which one obtains W-algebras in a basis where all fields are primaries with 
respect to the lowest spin ones. 

2.1 Higher-spin gauge theories in D = 2 + 1 

In D = 2 + 1 Einstein gravity with a negative cosmological constant is equivalent to a 
5'L(2,M) X SL{2,'R) Chern-Simons theory [34, 35]. In fact, up to boundary terms, one 
can rewrite the Einstein-Hilbert action as 

S = Scs[A] - Scs[A], (2.1) 

with 

Scs[A] = ^ I tit AAdA+'^AAAAA). (2.2) 

The fields A and A are s/(2, ]R)-valued differential forms so that, for instance, A = 
Afj_^Jidx^, where the Jj generate the s/(2,M) algebra. We normalise the invariant form 
entering the CS action such that 

^HJ^Ji) = lv^, => ^ = ^' (2-3) 

where / denotes the AdS radius and G is Newton's constant. The standard first-order 
formulation of gravity is recovered by considering the combinations 

e=^-{A-A), u = ^{A + A), (2.4) 

that identify the dreibein and the spin connection. 

In a similar fashion, the first-order formulation of the free dynamics of massless bosonic 
symmetric fields v^^j...^^ with s > 2 involves a vielbein-like 1-form and an auxiliary 1-form 
which generalises the spin connection [45, 46]. In D = 2 + 1 these two differential forms 

6 



have the same structure (i.e. the same fibre indices), and one can consider hnear combina- 
tions of them as in (2.4). This eventually allows one to build bosonic massless higher-spin 
gauge theories out oi G x G Chern-Simons theories [1]. The action has the same form as 
(2.1), but now the gauge fields A and A take values in a (possibly infinite-dimensional) 
Lie algebra g admitting a non-degenerate bilinear invariant form. Vielbeine and spin 
connections are identified through (2.4), while the invariance of the action under 

SA = dA+ [A,X], SA = dA+ [A,X] (2.5) 

leads to two different kinds of gauge transformations generated by the parameters 

e = ^(A-A), A = 1(A + A). (2.6) 

Those generated by C, correspond to local translations in pure gravity (that in D = 2 + 1 
are equivalent to diffeomorphisms [35]), while those generated by A extend the usual local 
Lorentz transformations: 



5e = rfe + [w,e] + [e, A], (2.7a) 

1 



Scj = dA + [uj,A] + -[e,^]. (2.7b) 



Even if no local fluctuations are present, one can deflne the "spectrum" of the theory 
by looking at the transformation properties of the flelds under Lorentz transformations. 
It is thus flxed by the choice of a sZ(2,M) subalgebra in q that - together with the 
corresponding one coming from the second copy of g - identifles the gravitational sector. 
Once this selection is made one can consider the branching of g under the adjoint action 
of the "gravitational" s/(2,M), so that 

= ./(2,M)©f00(^'")j . (2.8) 

Each g(^'") has dimension 2i + 1 with 2i G N, while the index a accounts for possible 
multiplicities. For inflnite-dimensional algebras we thus discard by hypothesis sl(2) em- 
beddings that would bring on inflnite-dimensional irreducible representations in (2.8). 
The branching of Q induces the decomposition 

A{x) = A;{x)J,dx^ + E E 4''l''"(a:)(l^^)Mrfx^ (2.9) 

l ,a m = — i 

and a similar one for A. Here the (W^m)[a] generate g^^'"-*, while the Jj generate s/(2,M) as 
in pure gravity. Let us now focus for a while on sl{2) embeddings that do not involve any 
half-integer L In this case the dimension of each g^^'*^) equals the number of independent 
off-shell flber components of the vielbein or of the spin connection associated to a fully 
symmetric tensor •^^'^^-^^...^.^^-^ [45, 46]. As a result, for any integer i the 1-forms 
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( ^[,"1 ^'"^ - Af] ^'"^ ) , wW ^'^ = -(^ Af] ^'"^ + Al:*! ^'"^ ) (2.10) 



can be identified with the vielbein and the spin connection of a spin-(£+l) field. The spec- 
trum is thus specified by the "spins" and the multiphcities appearing in (2.8). Additional 
comments on this identification will be presented in Section 3.1.1. 

The choice of the principal s/(2,M) embedding in a finite-dimensional non-compact 
simple Lie algebra q always fits into this scheme. In this case each i in (2.8) corresponds 
to one of the exponents of q, so that all values of £ are integers and greater or equal to 1. 
The simplest examples in this class are SL{N) x SL{N) CS theories with a principally 
embedded gravitational sector. Besides the graviton, they involve fields with spin (-^+1) = 
3, . . . ,N. An infinite-dimensional counterpart of the latter HS gauge theories, with a 
similar but unbounded spectrum, will be studied in Section 3. An ampler discussion of 
SL{N) X SL{N) theories can be found in [14], while here we would like to briefly discuss 
the subtleties that the choice of alternative embeddings entails. 

First of all, in general (2.8) also contains half-integer values of i. The corresponding 
1-forms in (2.10) cannot be associated to any tensorial field. On the other hand, for 
each half-integer £ their number equals the number of off-shell components of a spinorial 
field V'"Mi...At£+i/2- Since no local degrees of freedom are involved, the spinorial nature 
of the resulting fields does not prevent one from applying the previous construction even 
starting from a purely bosonic gauge algebra. A slight generalisation is also possible, since 
spinorial fields do not require a spin-connection in the first-order formulation [45, 47, 48]. 
The doubling of q would then lead to a doubling of the number of these fields in the 
spectrum. The same is true for spin-1 fields, corresponding to s/(2,M) singlets in (2.8). 
As a result, in general one could even consider G x G Chern-Simons theories, provided 
that Q is the subalgebra of q needed to reconstruct vielbeine and spin connections for the 
fields of integer spin s > 2.^ The basic building blocks of a toy model for HS interactions 
would still be available: one has a set of fields that do not propagate any local degree 
of freedom and that transform under Lorentz transformations as those used to describe 
the free propagation of "higher spins", in the sense specified at the beginning of the 
Introduction. 

However, we also know the action of these theories, and we can check if it also displays 
the features that one would like to associate to a sensible toy model for HS interactions. 
The simplest feature to analyse is the structure of kinetic terms, that is dictated by the 
structure of the invariant form appearing in (2.2). To study it, we have to fix our notation. 
We denote the generators of s/(2, M) by J±, Jo and we choose the convention 

[J+, J_] = 2Jo , [J±, Jo] = ±J±. (2.11) 

We also choose a basis of g(^'") such that 

[J^AWL)[a]] = i^i-m){Wl^J[,], (2.12) 



^An analogue construction is standard in the context of pure supergravity theories in Z? = 2 + 1 where, 
besides the graviton, only fields with spin s < 2 appear. This allows one to consider super-CS theories 
built upon generic G x G supergroups or simply upon SL{2,M.) x G [34]. 



where i = 0, ±1, and we identified J±i = J±. Eq. (2.12) forces the Kilhng form to satisfy 

tr((IV^)M(W^^)[.]) = (-ir- ^^^"l^y~"^- 5'^'5^^nAN,)a.. (2.13) 

with 

{N,U = t^{iW',\a]{WUh]) ■ (2.14) 

Eq. (2.13) imphes {Ni)ab = (— l)^^(^£)fea, so that the matrix A^^ is symmetric for integer 
values of I and skew symmetric for half-integer values of L This leads respectively to 
symmetric or skew symmetric kinetic terms. While unfamiliar, the latter are precisely 
as pertains to the bosonic nature of these spinorial fields, and are instrumental in order 
to attain a non-trivial kinetic term for them, unless further prescriptions are introduced, 
like a grading of the gauge algebra. At any rate, the models that we are considering 
involve more than one field, so that an issue should be checked: the relative sign between 
different kinetic terms. Even if no local fluctuations are available in three dimensions, one 
could still require that no sign differences are present, as it is crucial in higher space-time 
dimensions. This is not the case for a generic choice of g and of a s/(2) embedding in 
it^. The relative signs between kinetic terms are also affected by the choice of a real form 
for 0. For instance, as we shall discuss in Section 3.1, these considerations select the real 
form sl{N,M) in the case of SL[N) x SL{N) CS theories that we mentioned before. 

2.2 Asymptotic symmetries 

We are now going to discuss the asymptotic symmetries of asymptotically- AdS configu- 
rations. Therefore, our CS theories have to be defined on manifolds Ai with a cylindrical 
boundary dAi parameterised by a time-coordinate t and an angular coordinate 6. In 
order to fix our notation, in this section we first briefly recall the main features of CS 
theories on manifolds of this type following the reviews [26, 49]. Then, following [14], we 
discuss how the conditions selecting asymptotically-AdS configurations translate into the 
Drinfeld-Sokolov constraint. 

Let us begin by focusing on a single chiral sector, say the one involving A. As reviewed 
in [26, 14], it is always possible to choose the gauge 

Ap = b~\p)dpb{p), (2.15) 

where p is a radial coordinate and b{p) is an arbitrary function taking values in the gauge 
group G. The gauge (2.15) is preserved by residual gauge transformations with parameters 

A = b-\p)Xit,e)b{p), (2.16) 



^While this paper was in preparation, HS gauge theories based on a non-principally embedded gravita- 
tional sector were discussed in [43] (see also [14] for previous comments). Its authors proposed to consider 
all possible embeddings in a given gauge algebra as different phases of a common theory, related by a 
breaking of the Lorentz-like symmetries of (2.7). The opportunities opened by this observation could 
well overcome our reservations, but still any attempt to extrapolate possible results to higher dimensions 
should face the subtleties that we remarked here. 



and on shell it implies 

Ae = b-\p)a{t,9)b{p). (2.17) 

Here, A(t, 6) and a{t, 9) are arbitrary g-valued functions. One can then impose the bound- 
ary condition 

i^-^e] =0 (2.18) 

that cancels the boundary term appearing in the variation of the action. In pure AdS 
gravity, (2.18) is satisfied by all BTZ backgrounds, so that we can safely use it to select the 
space of asymptotically- AdS solutions. Requiring (2.18) on the boundary forces At = I Ag 
everywhere in the bulk and removes the gauge invariance, because both a and A must 
depend on (j — ^) so that there is no more an arbitrary time dependence. 

We are left with the g- valued function a{6) on which the gauge transformations gener- 
ated by (2.16) act as 

s^aie) = x'ie) + [a{e),xie)], (2.19) 

where a prime denotes a derivative in 6. These are not proper gauge transformations 
[26, 49], but rather global symmetries generated by the boundary charges 

QW = -^ I deti{\{e)a{e)) , (2.20) 

ZTT J 

where k times the trace denotes the invariant bilinear form that is used to define the 
CS action. The latter observation suffices to fix the canonical structure of the boundary 
theory since 

5xa{e) = {Q{\),a{e)} (2.21) 

implies 

{Q{\),Qm = -^ fdetT{r^{e)s,a{e)) . (2.22) 

Zn J 
This Poisson algebra is the centrally extended loop algebra of g (see, for instance, [26, 49]), 
and it induces an analogue Poisson structure on the space of on-shell configurations a{9), 
that accounts for the boundary degrees of freedom. 

The other chiral sector, involving A, can be treated in a similar fashion, but with some 
small variations needed to ensure the invertibility of the dreibein. This is guaranteed if 
one reaches the following on-shell parameterisation, 

l-^At = -Ae = b{p)~a{t,0)b-\p), I, = b{p)d,b-\p), (2.23) 

and restricts the 6(p) appearing both in (2.15) and (2.23) to take values in the "gravita- 
tional" subgroup of G. Even if the dreibein is always invertible, in [14] (see also [13, 42]) 
we argued that (2.23) and the corresponding condition for A do not provide a satisfactory 
on-shell parameterisation of the space of asymptotically-AdS configurations. We thus 
proposed to also require a finite difference between them and the AdS solution at the 
boundary, 

(A - AAds) = 0(1) , (2.24) 

dM 
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and similarly for A. Eq. (2.24) translates into the Drinfeld-Sokolov condition on a{6) and 
thus recovers the conformal symmetry discovered by Brown and Henneaux in the metric 
formulation of gravity [15]. A similar characterisation of the space of asymptotically- AdS 
solutions was discussed in the context of (super)gravity theories in [24, 50, 51]. 

To display the consequences of (2.24) on a{9) it is convenient to denote the adjoint 
action of the s/(2, M) generators Jj on the elements of q by Lj, 

LjX:= [Jj,x] for X G g . (2.25) 

The Li satisfy the same commutation relations (2.11) as the J^. Since by hypothesis 
we consider only s/(2) embeddings that branch g into a (possibly infinite) sum of finite- 
dimensional s/(2)-irreducible representations, the eigenvalues of Lq are half integers. We 
can thus decompose the gauge algebra into eigenvectors of Lq of negative, zero or positive 
eigenvalues, 

g = g<©go©g> • (2.26) 

The Drinfeld-Sokolov condition amounts to the constraint that a{6) — J^ has no compo- 
nents corresponding to the negative spectrum of Lq, 

a{e) - J+ e go © g> , (2.27) 

or equivalently, 

Pg< {a{e) - J+) = , (2.28) 

where Pg^ is the orthogonal projector onto g<. In HS gauge theories one has to impose 
an analogous condition also on 5(6*), but the analysis proceeds along the same lines as the 
one for a{9). Therefore, in the following we continue to focus on a{9). 

The constraints (2.28) are in general of first class^ and they generate gauge transfor- 
mations. To get to the reduced phase space, one has to fix the gauge. A natural gauge 
choice is the so-called highest-weight gauge 

a{e) = J+ + a.iO) , (2.29) 

where a_ satisfies^ 

L_a^{e) = . (2.30) 

This choice fixes the gauge completely. In the restricted class of solutions satisfying 
(2.24) the boundary degrees of freedom are thus described by a~{6) [28, 52]. We shall 
now analyse the symmetries of the constrained boundary theory, which correspond to the 
asymptotic symmetries of the HS models that we introduced in Section 2.1. 



^When Lq admits half-integers eigenvalues some constraints are second class. However, this does not 
affect the possibility to reach the gauge (2.29) [52]. 

^Note that _L_ increases the Lq eigenvalue, so that a-{6) can be expanded in a set of highest weight 
eigenvectors for Lq. This rather unintuitive association follows from the convention (2.11) that we chose 
for the sl{2,M.) algebra. 
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2.3 Drinfeld-Sokolov reduction in highest-weight gauge 

To find the symmetries of tlie constrained tlieory, we look at tlie set of symmetry trans- 
formations (2.19) that leave the form (2.29) of a{9) invariant, 

L^{5xa) = . (2.31) 

This condition translates into 

L_(9e+[a_(e), ■])\{9) + L^L+\{9) = 0. (2.32) 

The operator L^L+ can be rewritten as 

L_L+ = -A + Lo(Lo-l) , (2.33) 

where we introduced the quadratic Casimir 

A = Lg-l(L+L_ + L„L+). (2.34) 

In the basis of q introduced in (2.12) the operator (A — Lq^Lq — 1)) acts as 

(A-Lo(Lo-1))(1^„^Jh = {i-m){i + m + l){Wi)[a], (2.35) 

i.e. by multiplication with a number that is non-zero for m ^ L We denote by 0_ (0+) 
the space of highest (lowest) weight states, 

X e 0_ -^ L_x = 0, X e 0+ -^ L+x = 0. (2.36) 

In general, g_ and 0+ can have a non-trivial intersection which contains the s/(2) singlets. 
We also introduce the projection operators P± onto q±, respectively. The operator (A — 
Lq{Lq — 1)) is invertible on the orthogonal complement of 0+, and we define 

In particular we have 

RL^L+ = L^L+R = 1-P+ . (2.38) 

Furthermore we introduce the covariant derivative 

De:= de + [a^O), ■] , (2.39) 

which commutes with L_, because L^a- = 0. 

Applying R to (2.32) and taking into account (2.38), we eventually obtain 

A(^) = A+(^) - RL_DeX{e) . (2.40) 
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Here, X+{0) = P+X{6) is the lowest-weight part of A. Eq. (2.40) is solved by 

which expresses the gauge parameter A in terms of its lowest-weight part.^ Inserting the 
solution (2.41) into the expression (2.19) for Sxa, we find 

-| oo 

^^«(^) = ^- ^^nl,^ ^^^+(^) = ^- E ( " DgRLYDoKiO) . (2.42) 

l + DeKL^ „ = o 

This finally expresses Sxa in terms of A+. One might be worried about the infinite series 
appearing in (2.42). For a gauge parameter with definite s/(2) quantum numbers as 
A+(^) = e{6)W^, however, the series expansion in (2.42) stops at the term with n = 2£. 
This is because each term DgRL_ involves the application of L_, and {L_Y^^^W^ = 0, 
while L_ commutes with Dq and R does not change the sl{2) quantum numbers. The 
indices [a] of (2.9) do not play any role in this argument and thus we omitted them for 
simplicity. 

In order to identify the Poisson structure on the reduced phase space one can then 
substitute (2.42) in (2.22). It is also possible to display the Poisson brackets between 
fields of defined conformal spin. To this end one can expand a_ [6) and the independent 
part of the gauge parameter, encoded in A+(^), in the basis (2.12): 

a4e) = ^ (c{e)J^ + j: >vf' W (W^-.)h j , (2.43a) 

A+(^) = e(^)J+ + Y: e?{e) {W^U . (2.43b) 

e,a 

Here [a] is a colour index, while £ is a sl{2) quantum number. The charges (2.20) which 
generate the transformations (2.42) then read 

g(A+) = jdee{e)c{e) - ^ {n,u jdeef{e)wf\e), (2.44) 

•' e,a,b •' 

with the matrices {Ni)ab defined in (2.14). By substituting (2.44) in (2.21) one can 
eventually read off the Poisson brackets {WJ (^), W] \d')}. If all values of £ are integers, 
one can diagonalise {Ni)ab and thus determine all Poisson brackets involving W] by 
looking at the gauge transformations generated by e^ . If some half-integer values of £ 
appear in (2.8) one can at most make {Ni)ab block-diagonal, with a sequence of 2 x 2 
blocks. This means that the Poisson brackets of a given field can be extracted from 
the gauge transformations generated by the gauge parameter with the "partner" colour 
charge. 



^A similar formula appears in [53]. 
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The determination of the Poisson brackets can also formulated covariantly in colour 
indices. To this end it is convenient to denote the inverse of the matrix {N£)ab by (iV^)"'', 
and to consider 

S^la]^^f\0) = T.iN,r^T ((^'^M l + D^L ^^<^)(^^)m) ' (2-45) 

where Z]c(^i)'"^tr(^/rci " ) selects the coefficient in front of the generator (Wij)[h], and 
the variation is taken with respect to X+{0) = e{9)(W^)[a]. From (2.21) we have 



S^ [a] Wf (^0 = -Y: im,, / d9"e{9") { Wf 1 {9") , Wf {9') } , (2.46) 

SO that we can obtain the Poisson brackets from the variation by 

{Wt\9) , Wf\9')} = -Y: {N,r%[,^ Wf\9') . (2.47) 

2.4 General properties 

The Poisson algebra that we obtained in the last section by the DS reduction of a centrally 
extended loop algebra of course depends very much on the detailed structure of the algebra 
Q that we started with and on the choice of a s/(2,M) embedding. On the other hand, 
there are a few general properties that we want to discuss here. 

2.4.1 Primary basis 

The DS reduction in highest-weight gauge always leads to a presentation of the resulting 
W-algebra in a basis where all generators are primaries with respect to the lowest spin 
ones. If no spin-1 fields are present - as in the case of principal sl{2, M) embeddings - all 
generators are thus automatically Virasoro primaries. 

If spin-1 fields are present, corresponding to sl{2) singlets in (2.8), we can compute their 
Poisson brackets with the other fields by evaluating the gauge transformations generated 
by A+ = e{9)(WQ)[a]- From the previous discussion we know that we only have to evaluate 
the term at zeroth order in the series (2.42), 

Dg\+ = e' (Oh - e Q[,] a_ . (2.48) 

Here, in analogy with (2.25), we denoted by Q[a] the adjoint action of {WQ)[a] on the 
elements of the algebra, 

Qla]x:= [«)[,], x] forxGs. (2.49) 

These operators cannot modify the sl{2) quantum numbers, so that we can describe their 
action by 

Q[a]«)M = E(^)'^a^«)w- (2.50) 

c 
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Therefore, all terms in (2.48) belong to g_ and the projector P„ does not induce any 
modification. Expanding a-{6) as in (2.43a) we eventually get 

(5[,] Wf 1 = - e ^ (/,)\, Wf ] + ^e'6j 6o,i . (2.51) 

In the singlet sector one can always diagonalise the matrix {Ni)ab appearing in (2.44), 
but we can also substitute (2.51) in (2.47) to get 

{wt\e),wt\e')] = 5{d - d')Y,{uf\wt\e') + ^ (No^ de6{9 - e') , (2.52a) 
{w^o\o),wf\e')} = 6{e-e')Y,{hf\wl''\e') for£>i. (2.52b) 

c 

In both cases one index of [fe^ac is raised using (A^o)"''? that is the inverse of the Killing 
metric of the subalgebra of g spanned by the sl{2) singlets. The spin-1 fields Wq thus 
generate the centrally extended Kac-Moody subalgebra (2.52a). They always appear 
when non-principal s/(2) embeddings are considered, so that the presence of a Kac-Moody 
subalgebra is a neat signature of this class of DS reduction (see also [52] for more comments 
on this setup). 

Let us now evaluate the Poisson bracket of an arbitrary field with the Virasoro current. 
In this case it is sufficient to consider the gauge transformations generated by \+{0) = 
e{6)J^. In the computation the singlets behave differently with respect to all other fields 
and it is convenient to split a-{0) as 

a40) = d40) + ^ E M''\0)iWX] ■ (2.53) 

To proceed we only have to compute the series in (2.42) up to n = 2: 
De\+ = L+ (e'jQ - e a_) , (2.54a) 

[-DeRL^)De\+= -^-L+J.+ e'(Lo + l)a_ + ea'_ + ^eE>^"'2H«- ' (2-54b) 



2 e'" 



- DeRL^) De\+ = ^ J~ ■ (2-54c) 

Summing all contributions that remain after the projection by P_ we eventually find 

5^a = i- J_ + e'(Lo + l)a_ + e a'_ + ^ e E ^f^ ^W «- ^^ ^+ = ^J+ ■ (2-55) 



a 



Expanding a-{9) as in (2.43a), then leads to 

5C = eC + 2e'C + -^ e'" , (2.56a) 

47r 

5 Wt^ = e Wi"^ ' + {e+l)e' >V|"' + e ^ E ifiTbc Wf 'wf for £ > 1 , (2.56b) 

^ b,c 
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while the fields with i = are left invariant. If no spin-1 fields are present, the terms 
containing Wq disappear, and the field W] transforms as a primary field of conformal 
weight {i + 1). Even in the general case one can easily express the result in a Virasoro 
primary basis by redefining the Virasoro current as 

^ := £ - 7 E (^o)afe Wi^^ Wf 1 . (2.57) 

a, b 

With respect to the improved Sugawara Virasoro current L the Poisson brackets read 

[he) , he')\ = die - e') c'ie') - 2 deSie - e') ae') - — dUie - e') , (2.58a) 

L J 47]- 

[c{e) , wf\e')] = 5{e - e') w(")'(^') - (£ + 1) de5{e - e') wf V) • (2.58b) 

2.4.2 Central terms 

Eqs. (2.52a) and (2.58a) display a central term, but central terms do not arise only in 
the Kac-Moody or Virasoro subalgebras. On the other hand, their structure is rather 
rigid and does not depend on the particular loop algebra to which one applies the DS 
procedure. They can be computed by substituting the covariant derivative Dq with an 
ordinary derivative in (2.42). When we consider a transformation by a gauge parameter 
of a given conformal spin, say A+(^) = e(6')(PV/)[a], we find 



-1 



i2^ 



^Aa|^, = ,, = ^e(^^+^)(H^f,)[„], (2.59) 

where the exponent between parentheses denotes the action of the corresponding number 
of derivatives on e. To reach this result one just has to combine L^W^_,^j^^-. = {n + l)W^_^ 
(following from (2.12)) with eq. (2.38). In conclusion, central terms only appear in the 
Poisson brackets between fields of the same conformal weight, 

{wl'^i(^) , vvfk^')} = ^;^ {N,rdr'-'s{e -e') + ... , (2.60) 

where (Ni)"-^ is the inverse of the matrix introduced in (2.14). 



2.4.3 Polynomials in the Virasoro generators 

There is another property of the W-algebra that does not depend on the particular Lie 
algebra g chosen as a starting point for the DS reduction. It is the presence of non- 
linearities in the resulting Poisson algebra. This follows from the repeated application 
of the covariant derivative in (2.42), but here we would like to display explicitly a class 
of polynomial terms that does not depend on the structure of Q but only on the branch- 
ing (2.8). These are the polynomials that involve just the Virasoro generator C, whose 
structure depends only on the commutators (2.12). 
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One can compute the polynomials containing only L by considering only the Virasoro 
part in the covariant derivative, 

De ^ de + "^ Ci9) L^ . (2.61) 

Furthermore, as in (2.59), it is convenient to consider separately the contributions to 6xa 
coming from gauge parameters of different spin. Let us for simplicity elide colour indices 
and consider X+{0) = e{9)W^. This leads to 

,2^.r 2(e-r)+l 2{e-r)+l-pi 2(i-r)+l-Y,[~^ Pt 

^^« . .,,.., =V^E(y) E E ••• E ._^. 

'^ ^ Pl=0 P2=0 pr=0 [Z.OZ) 

where the extremum of the sum over r is £ or £ + 1/2, depending on whether i is integer 
or half integer. As a result, fields with half-integer spin also admit pure- Virasoro terms 
that do not contain derivatives, while if the spin is integer there is at least one derivative 
in all terms of (2.62). The "structure constants" appearing in (2.62) read 

c[iU...Pr= E E ••• E Ur'"^' 

= (E>-Er'^*)+^ = '^ "' ' (2.63) 

2 (/ - r + s) - 



De-- 


= d+^CL. 


= 


i-ir 


r = ^ 






X 


C[i\p-^. 


.Pr^^' 



2(^-r)+l 
ii=pi 


2{€-r)+l-Ji 

«2 = (pi+P2-n>+ 


( 

2(r- 


s) + 1 + > ; It 
t=\ 





where (z)_|_ = max(0, i). The details of their computation are presented in Appendix B. 

Note that the tensors C*[^]pi...p^ are not symmetric for interchanges of the indices p^. 
As a result a symmetrisation is needed in order to extract the coefficient appearing in 
front of a non-ordered combination of derivatives of L. Let us also stress that the terms 
displayed here can only appear in the brackets {W] (^),W] (6^')}, precisely as in the 
discussion of the central terms (that actually come from the term of order zero in the 
sum over r). This is due to the proportionality of (2.62) to W^_g and to the fact that the 
adjoint action of s/(2) generators cannot modify the quantum number i. This is no longer 
true if one considers the full covariant derivative in (2.42), so that the computation of the 
remaining terms in the Poisson algebra requires the knowledge of the detailed structure 
of g. In the following we shall exploit it in a couple of examples, before presenting the 
main results of this paper in Section 3, where we apply this procedure to compute the 
asymptotic symmetries of SLiN ^W) x SLiN ^W) HS gauge theories and their A^ — > oo 
limits. 



2.5 Non-principal embeddings: two examples 

In this section we present the main features of DS reductions based on non-principal 
sZ(2,M) embeddings by studying in detail two examples. The interpretation of the W- 
algebras we are going to discuss as asymptotic symmetries of classical HS gauge theories 
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could be not completely straightforward due to the comments we presented at the end of 
Section 2. On the other hand, we feel it could be instructive to also examine the features 
of non-principal DS reductions, also in view of possible applications to other classes of 
minimal models aside from those considered in [18, 22, 23]. See also [43] for a discussion 
of their possible role in HS gauge theories. 

In particular, we perform the DS reductions associated to two non-principal embed- 
dings of s/(2,M) in s/(A^, M). The algebra sl{N,M.) admits a number of inequivalent s/(2) 
embeddings equal to the number of partitions of A^ [54]. One of them is just the trivial 
embedding that cannot be used to build a HS gauge theory, and whose DS reduction 
gives the afiine extension of sl{N,M.) rather than a W-algebra [52]. In the s/(3,M) case 
there is thus only one non-trivial non-principal sl(2) embedding and we present its DS 
reduction, together with the one associated to the corresponding embedding of s/(2,M) 
in s/(4, M). In fact, inequivalent embeddings can be obtained by embedding different 
n X n representations of s/(2,M) in the fundamental of sZ(A^, M). In both cases we con- 
sider the "next-to-principal" s/(2,M) embeddings in s/(A^, M), where one singles out a 
(A^ — 1) X (A^ — 1) representation of s/(2, M) in the fundamental of sl{N, M). 

(2) 

2.5.1 The Polyakov-Bershadsky W3 algebra 



embedding in s/(3,M) that branches the fundamental rep- 



We consider here the s/(2, 
resentation as 

8 = 3 + 2-2 + 1. (2.64) 

The three-dimensional representation in (2.64) corresponds to the s/(2, R) subalgebra used 
to implement the DS reduction. Accordingly to this decomposition, the s/(3,M) algebra 
can be realised in terms of the three s/(2,M) generators W^ {i = —1,0,1), two sets of 
generators ipl"^} (?7i = — 1,|; a = 1,-1) of spin 3/2 and one generator Wq of spin 1: 



Wl 


wj 


wl 


<; 


wl 


i^':i\ 


'w'. 


^t\ 


>!:?' 


^1?: 



3)Wl 



+3 ' 



0, 
' i 
2 ~ 

a — b 



m tpl 



i+m 1 



iy\ 



2 y m+n + 2 (" ~ ^) "^("^ 



nfW^. 



(2.65a) 
(2.65b) 

(2.65c) 

(2.65d) 

(2.65e) 



The presence of two sets of generators with half-integer £ allows to consider linear com- 
binations of them without spoiling (2.65c), and we defined the V'm so that they are 
eigenvectors of the adjoint action of Wq. On the other hand, in agreement with the dis- 
cussion in Section 2.1, this freedom does not suffice to separate their contributions to the 
Killing metric. 

The DS reduction based on the embedding (2.64) was first performed independently 
by Polyakov and Bershadsky [55] and the resulting W-algebra is usually denoted by VV3 . 



In order to perform it with our techniques, it is convenient to introduce the notation 

a„ = ^ fWo(^X + Wi'](^)^W, + w[-'\9)i;^:^^ + Cie)W\) , (2.66) 

A; V 2 2 2 2 / 

and to denote the gauge variation with respect to A4.(^) = e(6')(VF|)[a] as 6i[a]- The 
general procedure (2.42) leads eventually to the following transformations preserving the 
highest- weight gauge: 

SoWo = T^e', 5oWl"' = -aeWf\ SqC = , (2.67a) 

/TT 2 2 

5iWo = 0, 5iC = 2e'C + eC + — e'" , (2.67b) 

An 

<5i Wl"' = I e' Wl"l + e Wl'^^ ' + a ^ e wi"^ Wo , (2.67c) 

2 2 2 2 k 2 

,5i[^]WP = (5aM -e/: - 2ae'Wo - aeW^ - ^eWoWo - ^ e" j . (2.67d) 

The resulting W-algebra is obtained by substituting (2.67) in (2.47), and it coincides 
with the one in [55]. We present it in Appendix C To compute the Poisson brackets 
one has to know the structure of the Killing metric of sZ(3,M). In our basis it is block- 
diagonal with one block for each type of field, except for a mixing in the two sets of spin-| 
generators V'm . In particular, the various matrices {Ni)ab of (2.14) are ^ 

{N^)a, = ( _°i J ) ' ^' = \- ^2.68) 

Since one block in the Killing form involves generators with different colour indices, the 
structure of the gauge transformation (2.67d) and the corresponding Poisson bracket 
(C.lf) differ by more than just a numerical factor, namely also by the colours of the fields 
that occur. 

The fields Wi are not Virasoro primaries (see (2.67c)). As described in general in 

2 

(2.57), and for this example already mentioned in [55], a shift 

£ ^ £ - ^ (Wo)' = C (2.69) 

leads to a basis where all fields are primaries with respect to £. 

2.5.2 A non-principal s/(2,M) embedding in s/(4, M) 

We consider here the s/(2,M) embedding in s/(4, M) that branches the fundamental rep- 
resentation as 

15 = 3 + 5 + 2-3 + 1. (2.70) 



In (2.68) wc ordered the generators such that tr (V'iV'_i ) = 1? while tr iipi V_i ) = ^1- 
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The first three-dimensional representation in (2.70) corresponds to the s/(2, M) subalgebra 
used to implement the DS reduction. In a HS perspective it would thus be associated 
to the graviton, while the other two would lead to two coloured massless spin-2 fields. 
Accordingly to this decomposition, the s/(4, M) algebra can be realised in terms of the three 
sl{2, M) generators Wl {i = —1, 0, 1), two extra sets of spin-2 generators (jr^ {i = —1, 0, 1 ; 



-1), one set of spin-3 generators W„ 



(m 



-2, . . . , 2) and the s/(2) singlet W^ as 



Wl 


wl] 


wl 


0^] 


wl 


^^ m 



wl , w^ 



+j ' 



{^-j)wl, 

(i-j) (p^t+j , 
(2z - m) Wl^^ , 
0, 



(2.71a) 
(2.71b) 
(2.71c) 
(2.71d) 



W, 



M 

' Vi 



w^,wl 



W^ w^ 



W^ 



^r' , 4^ 










12 
a 

6 

a — b 



ran 



— {rn — n) i/lm^ + 2?i^ 

-a{i-j)Wl^ + 2Wl^ 



8 W^^+n , 



_(2_3|z-j|)5,+,-o< 



(2.71e) 
(2.71f) 

(2.71g) 
(2.71h) 

(2.71i) 



As in the previous example, we used the freedom in the definition of the (j^^ to let them 
be eigenvectors of the adjoint action of Wq. 

With the convention 
a_ = ^ ( Wo(eX + Jl^{0)W\ + W}"'l(^)0y + >Vr^(e)0L"i + W2{e)Wl^) , (2.72) 
the transformations preserving the highest-weight parameterisation of a_ are 



5o Wo = — e' , <5o Wr = - a e Wr , <5o^ = ^0^2 = , 

In 



SiC = 2e'C + eC + 



k 

Air 



2n 



5,^2 = 3e'W2 + e (W2)' , 



(2.73a) 

(2.73b) 

(2.73c) 
(2.73d) 
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+ 2e'/: + eC! + -^e'" + 2aeW2 
47r 

Oyr 27r 3 27r 3 

+ — 2aeWo£+ -^-e'WoWo + -^2'"^°^° 

^)'^eWoWoWoV (2.73e) 

- y I^Wo (W}-"^- (^)'ae>VoWo>v}-^ (2.73f) 

52W2 = \^"L + ^e"r + ^e'/:" + ^6/:'" + -^e(^) 
6 4 4 6 487r 



/Co Aj O Aj 

+ f 4e (wl-^1)' W™ + y 4e>vl-^l (W™)' . (2.73g) 

In the basis (2.71) the Kilhng metric sphts into blocks for the different field types 
except for a mixing in the two extra sets of spin-2 generators. More concretely, the 
matrices {N()ah of (2.14) become 

(iVi)afe = ( J J) ' ^0 = ^' ^2 = 1. (2.74) 

In this case the matrix {N\)ah can be clearly diagonalised, but this would spoil our choice 
of working with W^ eigenvectors. Note, however, that its eigenvalues are ±1, so that 
the kinetic terms of the two coloured spin-2 fields would have opposite sign in the action 
(2.1). 

To obtain a W-algebra in a Virasoro-primary basis, one can again shift L as 

L^ L- tI^WoWo = t. (2.75) 

lOK 

The corresponding Poisson algebra is presented in Appendix C 

3 The structure of Woo [A] in ^ primary basis 

In this section we use the techniques developed in Section 2 to study an interesting one- 
parameter family of higher-spin gauge theories. Their gauge algebras are the direct sum of 
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two copies of the infinite-dimensional Lie algebras called /is [A]. After a brief introduction 
to these algebras we shall stress their link with higher spins by discussing the relation 
between a suitable basis of their invariant tensors and Fronsdal's metric-like fields. For 
any A we shall then compute the structure constants of the W-algebra of asymptotic 
symmetries in a Virasoro-primary basis. 

3.1 The higher-spin algebras hs[X] © hs[X] 

In Section 2.1 we have seen that in any three-dimensional HS gauge theory a crucial role 
is played by the gauge subalgebra that describes the gravitational sector of the model. 
Instead of choosing it among all possible embeddings in a given algebra, one can actually 
proceed in a different direction and build HS algebras out of products of generators of the 
"gravitational" sZ(2,M) © sZ(2,M) gauge algebra. 

For instance, following [29, 30, 31, 32, 33, 19], we start with the universal enveloping 
algebra of sl{2,M.) generated by J± and Jq. We then do the identification 

C2 := Jo' - \{J+J- + J-J+) = /il, (3.1) 

which sets the quadratic Casimir C2 to a particular value /i that we often parameterise as 

fi = l{X'-l). (3.2) 



The algebra obtained in that way is spanned by the identity 1 and the elements 

1^^:= (-1)^—1^1^ Lf-'^J^, i>l, -i<m<i, (3.3) 



where Li denotes the adjoint action of s/(2,M) as in (2.25). From their definition it is 
manifest that they satisfy the commutators 

[<,<] = iim-n)WUn, (3.4) 

and we can identify the generators with i = 1 with the s/(2,M) ones. The whole set of 
W^ generates a Lie algebra hs[X] whose remaining commutators are fixed by the s/(2) 
commutators of eq. (2.11). It branches as 



hs[X] = 0(^) (3.5) 



e = i 

under the adjoint action of the defining sl{2) subalgebra. Different values of the parameter 
fi (related to A by (3.2)) give algebras that are not isomorphic [29, 33]. 

This construction shows that one can identify /is [A] with the subspace orthogonal to 
the identity in the quotient of the universal enveloping algebra of s/(2,M) by the ideal 
generated by {C2 - /il) [29, 30, 31, 32, 33, 19], 

W(s/(2,M)) 



{C2-fit) 
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hs[X] © C. (3.6) 



The whole quotient is an associative algebra. The product of the W^ was given in [30] 
(see also [31]) as 



1 ''+^ f h f 

w^ i.w' = - y fx 



' W^+n, (3.7) 



where the identity is denoted by Wq and the A-dependent structure constants are defined 
in Appendix A. The product (3.7) allows one to realise the Lie product on /is [A] as a 
•-commutator: 



i+k+e odd 




' W^+n ■ (3.^ 

m + n *"+" 



ti (wl^Wi) := W^ ^W^ . , (3.9) 

\ rn nj M2 _ ]^^ m " W^ = Ofori>o' ^ ^ 



The associative product (3.7) was also used in [31] to define an invariant bilinear form 

on hs[X] as 

6 

(A^ 

i.e. by extracting the term proportional to the identity from the product. The invariant 
form (3.9) allows to define a CS action based on the algebra hs[X\ © hs[X\ as in (2.1). 
Eq. (3.5) then shows that - for a generic value of A - the spectrum of the corresponding 
HS gauge theory contains all integer spins from 2 to oo, and each of them appears only 
once. However, when A is integer, the invariant form (3.9) degenerates as one can see 
from its explicit expression: 

tr(«) = (-l)^--A^KA)^^^^||p^ 5'='^5.+n,o, (3.10a) 

NiW = - 7^^^ n (^ - A)(. + A) . (3.10b) 



i = 2 



The normalisation factors A'^(A) follow from the definitions in Appendix A. For integer 
A = iV the CS action (2.1) thus actually corresponds to that of a sl{N,M.) © sl{N,M.) 
theory.''' Another interesting value of the parameter is A = 1/2 that gives the three- 
dimensional Fradkin-Vasiliev algebra [56]. 

Before concluding this review, let us notice that the W^ with odd i form a subalgebra 
of hs[\] that we denote by ho[X]. As a result, one could well build a HS gauge theory 
on top of ho[X] © ho[X]. For A ^ N its spectrum contains all even integer spins greater 
than zero.^ For A G N the truncation to even spins of the A^ © A^- CS theories leads to 



''The normalisation factor that we introduced in (3.9) thus plays a double role: on the one hand it 
gives ti [W^W^i) = —1. On the other hand it guarantees that A = 1 still provides a gauge theory 
involving all spins from 2 to oo, as in [18]. 

®A similar truncation is available also in higher space-time dimensions where it leads to the so called 
minimal Vasiliev models (see e.g. [3]). 
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Bm®Bn gauge algebras for odd A^ and to Cat ©Cat gauge algebras for even A^ [32], while 
the D series of simple Lie algebras cannot be recovered in this fashion. 

Moreover, commutators of generators with even i (corresponding to fields of odd spin!) 
can be always expanded in a sum of generators with odd L On the other hand, mixed 
commutators (one odd and one even €} always give only terms with even i. As a result, 
it is possible to rescale by i all generators with even £ to get a different real form of /?,s[A]. 
As already mentioned, for integer X = N the previous construction gives the sl{N,M.) 
real algebra, i.e. the maximal non-compact real form of sl{N). The rescaling by i of the 
generators with even i leads to the next-to-maximal non-compact real form of sl{N), i.e. 
su{^^^, ^^^) for odd A^ or sm(y, y) for even A^. Additional comments on the possible 
real forms for A ^ N can be found in §3.1 of [30]. Note, however, that the rescaling by 
i reverses the sign of the normalisation factors N2J in (3.10) and, in turn, of the kinetic 
terms of the fields of odd spin. The maximal non-compact real form seems thus to be 
preferred to build a HS gauge theory. As noticed in [14], additional subtleties emerge if 
one consider CS actions built upon two different real forms of the same gauge algebra. 
In the following we shall avoid all of them by focusing on CS theories based on gauge 
algebras hs[X] © hs[X], with hs[X] fixed by (3.3) and (3.8). 

3.1.1 Metric-like fields and invariant tensors of hs[X] 

The previous discussion about /is [A] suffices to fully characterise a classical HS gauge 
theory for any admissible value of A, in a form which generalises the frame formulation of 
Einstein gravity. However, even sticking to this algebraic framework one can extract some 
information on the "metric-like" formulation of these theories, involving Lorentz-invariant 
symmetric fields v^^i...^^ (see e.g. [44] for a review). To this end, it is crucial to realise 
that the two classes of gauge transformations discussed in Section 2.1 play a very different 
role. Those generated by ^ in (2.7) generalise local translations, while those generated 
by A generalise local Lorentz transformations. As stressed in [14], all metric-like fields 
should be invariant under local Lorentz-like transformations. Moreover, one can write 
them in terms of the vielbeine, since the spin connections are just auxiliary fields. In 
the s/(3) © s/(3) CS theory discussed in detail in [14] these conditions suffice to fix the 
structure of all fields in the spectrum: the metric g^^, and the spin-3 field (p^up- Collecting 
all vielbeine in the vector e"^ = e^^dx^ and all generators of the algebra in the vector T4, 
up to a normalisation constant they read 

g ^ ti{e-e) = e^e^ii{TATB), (3.11) 

(^3 ~ tr ( e ■ e ■ e ) = ^ e^e^e^ tr ( T^aTbTc) ) , (3.12) 

where the parentheses denote the symmetrisation of the indices they enclose, with unit 
normalisation. The cyclicity of the trace guarantees the extended Lorentz invariance. The 
same result holds for the trace of an arbitrary power of the vielbeine, 

5^e = [e. A] ^ 5Atr(e") = ntr(e"-^[e. A]) = 0. (3.13) 
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As a result, for s > 3 the invariance under Lorentz-like transformations does not suffice 
to fix the structure of ^^^...^^. For instance, for s = 4 one can consider both tr(e^) 
and tr(e^)tr(e^) and one has to single out the linear combination that defines (f^upa- This 
freedom corresponds to the existence of two Lorentz-like invariant combinations of rank-4: 

y^pupa and g^^^uGpa)- 

The realisation of the Lie algebra hs['\\ as a ^-commutator algebra proposed in [30, 31] 
provides a powerful tool to analyse this problem at least for the first values of the spin. 
In fact, 

1 6 

kA,...As = ^tr(T(^, ...T4^)) := ^^^ _ i) g\ ^(^^ ^ • • • ^ T4,) ^^^^ (3.14) 

is a symmetric invariant tensor of hs[X\ (which coincides with the Killing metric (3.9) 
for s = 2). Its contraction with the vielbeine e^ gives a Lorentz-like invariant tensor of 
rank s.^ Metric-like fields should then result from the contraction of the vielbeine with 
the elements of a particular basis of the polynomial ring of invariant tensors of /is [A]. 
This is clear for all Aj^ © A^v, Bj^ © Bj^ and Cjq © Cjq CS theories that can be extracted 
from the hs[X\ © /is[A] one. In fact, their spectra are given by the exponents of the gauge 
algebras, and are thus in one to one correspondence with the ranks of their independent 
Casimir operators. Each Casimir operator is, in turn, uniquely associated to a symmetric 
invariant tensor (see, for instance, [58] and references therein). It is natural to suppose 
that the same is true even for non-integer A. 

Since the relative coefficients between different invariant tensors of the same rank 
cannot be fixed by the extended Lorentz invariance, they should be fixed by the additional 
requirements that ^p^...p^ must satisfy: 

1. it has to be doubly traceless as its linearised counterpart (see e.g. [44]); 

2. in the linearised regime its rewriting in terms of the vielbeine has to reproduce the 
definition in a free theory. 

To impose the first condition one should invert the general definition of the metric (3.11). 
For this reason we refrain from discussing it here, deferring to future work a full discussion 
of the problem. On the other hand, the second condition is more tractable and already 
suffices to fix the structure of spin-4 and spin-5 fields for any A. 

The linearised definition of ^^^,,,^^ can be most conveniently recalled by describing the 
vielbein e^'™" of (2.10) as a symmetric traceless tensor e"^""^ (that has 2£ -|- 1 indepen- 
dent components as e^'™). Denoting the background vielbein by e^"" and the linearised 
fiuctuations by h^""^'""""-^, for s > 2 in a linear regime one has 

fpi...Ps ~ 6(^1"' • • • e;.,_i°^-i V)ai...a.-i • (3-15) 



^See [57] for a similar construction for D > 3. 
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This means that, differently from g^^, it is usually assumed that higher-spin fields do not 
receive any background contribution, while the tracelessness of /i"i-'^^-i guarantees the 
doubly tracelessness of v^^i...^^. 

Imposing the matching of the most general Lorentz-like invariant combination with 
(3.15) one obtains 

^4 ~tre^- l(3A2-7)(tre2)', (3.16) 

5 
(^5 ~ tr e^ - — (3A^ - 13) tr e^ tr e^ . (3.17) 

However, starting from s = 6 this comparison does not suffice to fix all free coefficients. 
In fact, the most general Lorentz-like invariant combination reads 

(^6 ~ tre^ + a(A)tre2tre^ + /3(A) (tre^)^ + 7(A) (tre3)\ (3.18) 

The condition (3.15) gives 

«(A) = - ^ (A^ - 7) , /3(A) = ^ (6A^ - 7l\^ + 125) , (3.19) 

but the term tr(e^) does not admit any background contribution. As a result, (tre^) 
does not contribute at first order as well, and the matching with (3.15) cannot put any 
constraint on 7(A). Some extra information follows from the observation that all ips we 
were able to identify vanish in the sl{N) © sl{N) theories with N < s. This is expected 
because in these cases there are no fields of spin s in the spectrum. ^° One can thus 
impose the same condition on ip^ and this forces 7(A) = (1/3) (A^ — 1) for iV = 3, 4, 5. It is 
however not clear to us if this condition suffices to also force the double trace constraint 
for arbitrary values of A, while the uniqueness of (3.16) and (3.17) should ensure the 
double tracelessness of (f^ and (f^. An explicit check would anyway provide a non-trivial 
consistency check of the whole construction, and we hope to report on it soon. 

3.2 Gauge transformations preserving the highest-weight gauge 

We now take the algebras of the last subsection as starting point for a DS reduction in 
the highest-weight gauge, and we determine the structure of the corresponding family of 
infinite-dimensional W-algebras. Since no s/(2)-singlets appear in (3.5), all generators 
will be Virasoro primaries. The asymptotic symmetries of the hs[X\ © hs[X\ CS theories 
that we just discussed are given by two copies of the resulting W-algebras, that we denote 
by Woo [A] as in [19]. The cases with A G N and A = 1/2 were already discussed in [14] and 



^°A general expression for a basis of the centraliser of sl{N) whose elements vanish when their rank 
exceeds N was considered in [58]. All tensors in this basis are orthogonal to each other and then, in 
particular, they are all traceless. On the other hand, the invariant tensors that give the metric-like fields 
do not satisfy this property Therefore, they coincide with those in [58] only for X = N < s. 
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[13], respectively. A discussion of the general case was also anticipated in [19]. In these 
works, however, the computation of structure constants was completed only for fields of 
spin s < 3 (see also [36, 37] for an earlier treatment of Woo [A] algebras and [59] for an 
abstract proof that they are actually related to the DS reduction of /is [A]). 

Before displaying the structure constants, let us notice that one can easily evaluate 
the maximum order of non-linearity appearing in the Poisson brackets. Consider a gauge 
parameter of definite spin, A+ = e{6)W^. When we act on it with the covariant derivative 
entering (2.42), the term in WJ^^ gives a result with itot < i + ii — I and Lo-eigenvalue 
£ — ii. If we apply the covariant derivative r-times, we arrive at a Lo-eigenvalue J2^i ~ ^ 
in a representation with itot < Z) ^i + ^ ~ ''"• In addition, the action of Dg is accompanied 
by at least r — 1 applications of L_, that means the Lo-eigenvalue isJ2^i~^ + ^~^- 
Clearly, if the Lo-eigenvalue exceeds itot, the expression vanishes, and this happens if 
—i + r — 1 > i — r, i.e. r > i + 1. In conclusion, in the Poisson brackets of a field with 
s/(2) label i there can be at most a non-linearity of order i, as in the Virasoro polynomials 
discussed in Section 2.4.3. Actually, as we shall see, the pure- Virasoro terms are the only 
ones that saturate this bound. This limitation also accounts, for instance, for the linearity 
of the Virasoro algebra, that only contains spin-2 fields, and for the quadratic order of 
non-linearity of the W3 algebra. 

As in subsections 2.4.2 and 2.4.3 the structure constants can be computed by consid- 
ering the gauge variation induced by a parameter of given spin, say A+ = e{9)W-. The 
details of the evaluation of the series (2.42) are presented in Appendix B, while here we 
directly present our result. In this case the general decomposition (2.43a) can be cast in 

the form 

27r °° 

«-W = -TrY.m(^)wi,, (3.20) 

where we identified C with Wi since no ambiguities can arise due to the absence of colour 
indices. The gauge variation of each yVj{9) with respect to A+ = e{9)W} reads 



^'^^' 27r(22)!' ^''' 



i+j—r 



r = l L=\i-j\+r {at} {pt} 
i+j+L+r even 



(3.21) 



Here, as in (2.62), an exponent between parentheses denotes the action of the correspond- 
ing number of derivatives on the field, while n denotes the total number of derivatives 
which is 

n:= i+j -L-r + 1. (3.22) 

For each r the sums over a's and p's distribute over these indices the "total spin" L and 
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the total number of derivatives n. They thus read 
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(5 , ^r-i , (3.23a) 



(3.23b) 



Note that for i = j, the terms that saturate the bound on the order of non-hnearity are the 
pure Virasoro terms of Section 2.4.3. On the other hand, for j < i the upper extremum of 
the sum over r cannot be reached due to the collapsing of the sum over L. As a result, all 
Poisson brackets involving fields of labels less or equal to i contain polynomials of order 
strictly lower than i. The only exception is {yVi{9),yV£{9')} that contains a polynomial 
of order i involving only C and its first derivative. Eq. (3.21) also shows that the Poisson 
brackets (obtained from (3.30) below) of Woo [A] are invariant under the map 

W, ^ i-iy^'Wi , (3.24) 

which is thus an automorphism of Woo [A]. 

In addition to these structural results, we can even provide a closed formula for the 
structure constants: 



<-^P) JJai...ar;pi...pr /rj-N] \ U ) ^ ^ ''' ^ 

yz,J). \ Iv / gi=Pi g2 = ((pi+P2)-9i> + 



^E _ 

1r = {J2[Pt-J2[ ^9t)H 



min[ar+bo-l ,Y^[ at+j-r+l) jnin(a2+fe,.-2-l , ai+J-l) 

E ••• E 

fei =ma.x{\ar~bo\+l , M(r~l, j)) br-i =max(|a2-fer-2|+l , Af (l,i)) 

o.r+bo+bi even a2+b, — i+br even 

r /y^s _ y^s-1 \ r-s r-s+1 

X n ^ * ^ * [ J + &s - E «t - E 9t - '^ + sU-s+l-bs-i+b, 

s = l\ Ps / 1 1 



(3.25) 



Here [a]„ denotes the descending Pochhammer symbol defined in (A. 3b), while (a)+ = 
max(0, a) and 

s 

M{s, i) := 2 max {{at}t=i , i) - Y. ^^t - ^ + s . (3.26) 

t = i 

By substituting \ = N with A^ integer in (3.25) one obtains a closed formula for the struc- 
ture constants of the classical Wat algebra. Note that eq. (3.25) expresses the structure 
constants of Woo [A] in terms of those of /is[A]. The techniques of Appendix B actually 
allow to express the structure constants of any classical W-algebra (that can be obtained 
by a DS reduction) in terms of those of the corresponding Lie algebra. 
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3.2.1 Gauge transformations up to spin 4 

In order to better elucidate the structure of our result, we now use the closed formula 
(3.25) to present all gauge transformations SiWj with i,j < 4. Letting A = 4 the following 
results determine the structure constants of VV4. We shall focus on variations with i < j, 
since those with j > i do not lead to new independent Poisson brackets. Moreover, in 
each SiWj the gauge parameter will be always denoted by e, since no ambiguities can 
arise. As in (3.21), SiWj denotes indeed the component along Wij of the gauge variation 
of a-{9) induced by the gauge parameter A+ = e{9)W-. 

The first gauge transformations just display that all fields are primaries with respect 
to the Virasoro field £ = Wi, 

5iC = eC + 2e'C + —e'" , (3.27a) 

Air ^ ^ 

S^We = eW^ + {£ + I) e' We , £ = 2,3,.... (3.27b) 

Augmenting the conformal weight of the gauge parameter by one we find 

52W2 = --(A2-9)[>V^e + 2>V3e'] + —[2C"'e + 9C"e' + 15C'€" + 10Ce"'] 

i A. jLi 

.1|[££'. + £V]h-A,... (3.27c) 

If one substitutes A = 3 in (3.27c), the transformations that we already displayed suffice 
to build the W3 algebra (see e.g. [14]) and, as already anticipated, they contain at most 
quadratic polynomials in the generators. For generic A one can also look at the component 
along W^^ of the gauge variation induced by e{9)W2, 

S2W3 = -^(A2-16)[2W^e + 5W4e'] 
9 

+ ^[W^'e + eWne +UWU" + UW2e"'] 



15 
Air 

15k 



All 
+ — -[25£'>V2e + 18/:W2e + 52/:W2e'] . (3.27d) 
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The next higher transformation is 

53W3 = ^(A2-16)(A2-25)[>V^e + 2 Wse'] 



+ 



+ 
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27r 
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287r 

ISA? 

TT 

90A? 

327r2 



" 3 £(^)e + 20 £(^)e' + 56 C^^^e" + 84 ^'e^^^ + 70 C'e^^^ + 28 £ e^^^ 

(29 A^ - 284) [ W2 W^ e + Wg^ e' 
(A^ - 19) [ £' W3 e + £ W^ e + 2 £ W3 e' ] 

' mC'C'e + 78 ££'"e + 295 C'^e' + 352 ££"e' + 588 ££'e" + 196£2e'" 

k 



3 £'£'e + 2 C'e 



3 / 



14407r 



.(7) 



(3.27e) 



Here a cubic polynomial involving only the Virasoro generators appears, while all other 
polynomials are at most quadratic, in agreement with the discussion following (3.23). 
Setting A = 4 in this and the previous transformations, one obtains the whole W4 algebra. 

The gauge variations (3.27a-3.27e) agree with those presented in eqs. (3.25-3.29) of 
[19], where their fields L^ are identified with ours by 



L,{e) = N,_^{\)Ws-i{e) 



(3.28) 



involving the factors Ni defined in (3.10b). The normalisation chosen in [19] leads to 
Poisson brackets that do not contain poles in A, so that it is possible to discuss the 
truncation to Wat directly at that level. The price to pay is the presence of poles in A in 
the definition of a^{9). Therefore, strictly speaking, some intermediate steps of the DS 
reduction are not well defined for integer A. 



3.3 Poisson bracket algebra 

The Poisson brackets of Woo [A] can be obtained from the gauge transformations (3.21) 
following the general procedure outlined at the end of Section 2.3. In this case there are 
no colour indices so that (2.44) reads 



Q(Ah 



t.=\ 



J2 NeiX) deeeie)Wi{e), 



(3.29) 



where Ni{X) denotes the normalisation factors that we introduced in (3.10b). Eq. (2.47) 
thus simplifies to 



{W(^),W,(^')} 



iV.(A) 



5,w,ie'] 



e{e') = s{e-e') 



(3.30) 
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Note that for integer A a diverging factor can appear in this expression since Ni{X) vanishes 
for i > X. However, in these cases (3.30) is clearly meaningless since the charges involving 
Wj vanish as well. For A G N the Poisson algebra is thus generated by the Wj with i < X. 
The Poisson brackets that one obtains with this procedure have the same structure as the 
gauge transformations (3.21), barring the substitution 

e(«)(^') -^ {-i)^d^''^6{e-e'), (3.31) 

and the normalisation factors Ni{X). The Poisson brackets associated to the explicit gauge 
transformations (3.27) are collected in Appendix C 



4 A quadratic basis for Woo [A 

In the last section we have discussed the algebras Woo [M ^^^^ arise from the DS-reduction 
of /is [A] in the highest-weight gauge. The corresponding Poisson brackets {Wj, Wj} are 
non-linear expressions in the fields where the degree of non-linearity is bounded by the 
minimum of i and j, so that if one considers fields of higher and higher spins, arbitrarily 
high degrees of non-linearity can appear. On the other hand, the algebra Woo [A] has a 
basis such that the Poisson brackets involve at most quadratic polynomials in the fields. 
In this section, we want to derive the explicit basis transformation that relates theses two 
bases. 

We start by a general discussion of gauge freedom in the DS-reduction. We then present 
in Section 4.1 a recursive algorithm that can be used to determine the transformation to 
the highest-weight basis for the DS-reduction of any Lie algebra. In Section 4.2 a quadratic 
basis for Wat is reviewed, and in Section 4.3 the basis transformation from the highest- 
weight basis to the quadratic basis is determined. These results are used in Section 4.4 
to derive the corresponding basis transformation for Woo [A]. 

We have seen in Section 2 that the asymptotic W-symmetries arise from the symmetry 
transformations (2.19) with the constraint (2.28) that implements the asymptotic AdS 
condition. The gauge transformations generated by these constraints can be used to 
choose a certain gauge, e.g. the highest-weight gauge (2.29) for a{9) that we used in the 
last sections. This gauge choice is very natural, but in some situations other choices can 
be more convenient. 

To discuss this gauge freedom we introduce the differential operators 

la = de + a{d), (4.1) 

where we have chosen a representation of the Lie algebra q. On such a differential operator 
we can act with (6'-dependent) group elements g{6) by conjugation, 

la^9~\0%giO), (4.2) 
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which imphes the transformation 

a(e) ^ g~\e)deg{e) + g-\e)a{e)g{e) (4.3) 

on a{9). For infinitesimal transformations g{9) = 1 + \{9) this reduces to (2.19). The 
AdS or Drinfeld-Sokolov condition (2.28) is respected by transformations g{6) that take 
values in the subgroup Af d G that is generated by 0> (defined in (2.26)). On each of the 
gauge orbits g~^lag with g E M we can pick a representative corresponding to a certain 
gauge choice. 

4.1 Recursive basis transformation 

Given any such representative dg + Jj^ + b{6), we now describe a procedure how to recur- 
sively find the representative dg + J+ + a^{6) in the highest-weight gauge on the same 
orbit, and the gauge transformation g{6) G A/" that connects the two representatives, 

g{ey' {dg + j+ + b{e)) g{e) = dg + j^ + a.{e) . (4.4) 

We write the representation matrices g{6) as g{6) = l + h{9), where h{9) has an expansion 

h{e) = h\e) + h\9) + ■ ■ ■ , (4.5) 

with Loh'^ = nh"^, n > 0. From (4.4) we obtain 

- L+h{e) + a^e) = dh{e) + b{e) + b{e)h{e) - h{e)a^{e) . (4.6) 

When we act on this equation by RL^, where R is the operator that was defined in (2.37), 
we arrive at 

h{9) = -RL^ {dh{9) + b{9) + b{9)h{9) - h{9)a^{9)) . (4.7) 

On the other hand, when we act on (4.6) by the projector P_, we find 

a^{9) = P„ {dh{9) + b{9) + b{9)h{9) - h{9)a^{9)) . (4.8) 

These two equations, (4.7) and (4.8), can be used to construct the basis transformation 
recursively. Let 

h{9) = b\9) + b\9) + --- , a_{9) = a'i{9) + a\{9) + ■ ■ ■ , (4.9) 

where L^bn = nbn, and similarly for a"^. Projecting (4.7) to Lq eigenvalue n we find 

/i" = -i?L„ (9/i"~^ + 6"~^+ Y. ^"""'"^/i"'- E /i™a-""'~M • (4.10) 

\ l<m<n-l l<m<n-l / 

Analogously, we can project (4.8) to Lq eigenvalue n to obtain 

a:^ = P„ ja/i" + 6"+ E 6"-'"/i'"- E /i™a'!-™| . (4.11) 

y l<m<n l<m<n j 

Suppose that b(9^ is given, and that we have determined h''^{9) and a"^{9) for m < n. We 
can use (4.10) to obtain h"'{9), and then determine aPi{9) by (4.11). 
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4.2 A quadratic basis for W 



N 



We have seen how to construct in general the basis transformation to the highest-weight 
basis recursively in the eigenvalues of Lq. We now want to become more specific for the 
Lie algebras sl{N) and the corresponding W-algebras Wn, for which another natural 
basis exists. We use the defining representation by square matrices of size N, in which 
J+ is represented as 

/O \ 

-1 
0-10 



J4 



V 0-10/ 

The Drinfeld-Sokolov condition states that a{6) is of the form 



(4.12) 



a{9) = J+ + u{9) 



(4.13) 



where u{6) is upper triangular. The subgroup A/" consists of all matrices of the form 1 + h 
where h is strictly upper triangular. A natural gauge choice is to demand that u{9) only 
has one non-zero row (the first one), 



u 



/O Ml ■■■ 
■■■ 

[0 ■ ■ ■ 



un-i\ 








(4.14) 



/ 



With this choice one obtains a basis for the Wn algebras that has at most quadratic 
non-linearities in the Poisson brackets. The nice feature of this basis is that there is a 
simple way to express the gauge transformations and thus the Poisson brackets with the 
help of pseudo-differential operators, which we shall briefly review in the following (for 
details see e.g. [27]). 

The infinitesimal transformations g{6) = 1 + X{6) that respect the gauge choice are 
uniquely determined in terms of the first column of A. We introduce the differential 
operators 

N-l 

i = o 
of order at most A^ — 1 corresponding to the rows of A, the pseudo-differential operator 

n-l 

AO = ^ d-^+'Xo, (4.16) 



j = 



corresponding to the first column, and the differential operator 

L = d^ + ni9^^2 + • • ■ + n^_i 



(4.17) 
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associated to the gauge fields. The matrix Xij is then given by the equations 

A, = 9^-'-i(A°L)+ - (9^-*"U°)+L (4.18) 

in terms of its first column, where ( )+ denotes the projection of a pseudo-differential 
operator to its regular part (the non- negative powers of the differential). This is the 
analogue of (2.41) in the highest-weight gauge. The gauge transformation can also be 
expressed in such a way, 

6xL = L{\^L)+ - {L\^)+L . (4.19) 

Prom here one can easily obtain the Poisson brackets. As L only appears quadratically 
on the right-hand side of (4.19), the Poisson brackets are at most quadratic in the fields 
Mj. This is quite different from the highest-weight basis, where the degree of non-linearity 

is TV - 1. 

4.3 Basis transformation for Wn 

The obvious question arises how the gauge choice of the last subsection and the highest- 
weight gauge are related. As the corresponding Poisson brackets have different orders of 
non-linearities, the basis transformation has to be non-linear. We could use our recursive 
construction from Section 4.1 to relate these two bases, but there is another more elegant 
way of relating them. The operator la = dg + a{6) can be used to define a system of N 
first order differential equations on some functions /q, . . . , /n-i, 

Ufo,...jN-if = 0. (4.20) 

Due to the specific form (4.13) of a{6) this system of differential equations is equivalent 
to a single A^*^ order differential equation for Jn-i- The other functions /o, . . . , /7V-2 are 
then given in terms of fn-i by 

/, = det {{d + J+ + n),,,)^.^,<^^^<^_, fN^i , (4.21) 

where the determinant is evaluated with the convention that the entries of the first row 
appear to the left of entries of the second row, and so on. The scalar differential operator 
L that determines the differential equation for /at-i, 

LJN^i = , (4.22) 

can also be expressed as a determinant [27], 

L = det(9 + J+ + u) . (4.23) 

Two differential operators la and la' that are related by a gauge transformation in M give 
rise to the same scalar differential operator L. If u is of the form (4.14) (all rows vanish 
except for the first), we have 

L = d^ + ni9^-2 ^ _ ^ ^^^^g ^ ^^_^ _ ^424) 
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By evaluating the operator L we can thus relate any choice of representatives to the 
It-basis. 

We now want to work out the basis transformation explicitly for the highest-weight 
basis of sl{N). The matrix representing J_ reads 



/O l-(iV-l) 

2-{N-2) 



J_ 



\ 



V 



(iV-l)-l 

; 



(4.25) 



The highest-weight vectors in sl{N) are W^^m = J^ with ?Ti = l,...,A^ — 1, so that a_ 
can be expanded as 



2n 



a.{e) = — {wmJ- + ■ • • + W;v-i W j5-^) 



(4.26) 



or, as matrix, 



27r 



/O >VlPl(l) >V2P2(1) W3P3(1) 

>ViPi(2) W2P2(2) 

WiPi(3) 



V 



>V;v-iPjv-i(l)\ 

>V;V-2P^-2(2) 
Wiv_3i^^-3(3) 



>ViPi(iV-l) 




(4.27) 



Here, the P, are defined in terms of ascending and descending Pochhammer symbols 

(see (A.3a) and (A.3b)), 

Ps{t) = {t)s[N-i]s. (4.28) 

The determinant (4.23) is evaluated by summing over all permutations of the A^ columns 
while respecting the row ordering (Z = «9 + J^ + a_), 



L = det / = 2J ha(l)ku{2) ■ ■ ■ ^NaiN) 
ctGSn 



(4.29) 



We can order the terms by their degree of non-linearity in the W^. The term without any 
yVm is simply d^ . A linear term comes from the part of the determinant where exactly 
one entry of the upper triangle contributes: 



/• 



\ 



d 

-1 



WsPsU+1] 



d 



(4.30) 



■7 



35 



There is only one permutation such that besides WgPsii + 1) only d's and (— l)'s appear 
leading to the contribution 

The total contribution linear in Ws is then 

2„ N-s-l 

Lw. = ^ E dlWsPs{t + l)dt'~'~^ (4.31) 

'^ j = 
= T ^ E F^(^ + l)W(-)ar^--^ (4.32) 

= T^ E E P.(^ + l)>Vi^)9r^--^ (4.33) 

N-s-l 

= E C{s,p,N)W^^d^-''^-\ (4.34) 

p = 

The coefficients C{s,p,N) can be written as 
C{s,p,N) = - E (j^-i(^ + l) (4-35) 

= ^ E ^^^(J+P+1).[A^-J-P-1]. (4.36) 

f^ j = o P- 

= ^ "'E " ^^^^(iV - . - P - J% (4.37) 

^ f^o P- 

fc V P / ,4l) (l+p-iV),j! ^ ^ 

= ^(3!)^(^^'V^"f"^)2Fi(3 + P + l-iV,s + p+l;l+p-iV;l). 



(4.39) 



The hypergeometric function 2-^1 at argument 1 is given by 



{N - p)s+p+i 



2F,{s + p+l-N,s + p + l;l+p-N;l)= \ ^^■'^''^' , (4.40) 

[S + ijs+p+l 



SO that after some manipulations we find 



c(...)^|,.,^f-)^;;V (4.«, 



The linear contribution to the determinant is thus 



^..». - fu-'fi: f ; ■') (/,;: y-st'-- . (4.42, 



36 



The higher order terms appear as products of such hnear blocks, and the total deter- 
minant is given by 

j.^Q \ K / si,...,Sr ii,...,ir 

X di'Ws.Ps^iH +^2 + Sl + 2)■■■ Wa^Pa^{^l + ■■■ + ^r + Sl + ■■■ + Sr-1 + r)^e^' . 

(4.43) 

Here, v+i = N — r — Yliij — YliSj, and all ij > 0, Sj > 1. As in the linear example 
above, we commute all differentials to the right, which produces derivatives of the fields 
Ws . , e.g. for the first field W^^ we have 

mi=0 V^lJ 

For the second field >Vo„ we find 



S2 

il+i2—mi 

S2 



m2=0 \ "^2 



and we introduce similar summation variables ttlj counting the derivatives of the other 
fields Ws . We also introduce the variables 

I I 

h=Y. h ' Pi = E "^i • (4-46) 

3=1 i=i 



The determinant L then becomes 

~k 



^ = E(|)" T. T. E 



' Si ■ • S2 

^ (kl\ fh -P2\ (K - Pr-l\ 

\Pl) \P2 - Pi) \Pr - Pr~l) 

r-1 

X P,^{h + l)Ps,{k2 + Si + 2) ■ ■ • Ps,.{K +Y.^3+r) , (4.47) 

i = i 

where 5" = 1^5=1 -^j- This means that a given term WJ^^^ ■ ■ ■ yV^''~^''^^^dQ ~''~^'" appears 
with a coefficient 

c«.u..,.,^(i)X.i.,-i(::)-e::::) 

r-l 

X {ki + l)s, ■ ■ ■ (/cr + E -^i + '")«r 

r 

X (Ar-A;i-si),,---(iV-A;,-5]s,-r + l),^ . (4.48) 

i=i 
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By comparison with (4.24), these coefficients determine the basis transformation, 

«. = E E E C({s,},{p,},iV)Wif)---Wir^^-^ (4.49) 

r=l {s} {p} 

S+r<q+l pr = q+l-r-S 

The coefficients (4.48) depend in a simple way on the number of derivatives, pj, and 
we can combine the coefficients belonging to a certain set of fields of spins si, . . . ,Sr into 
a generating function with auxiliary variables aj, 

^r) -.r N-r-S Pr P2 

Ci{s,},{a,},N) =(-) Y: E ■■■ E C({.,},fe},iVXar"^---arP'- 

^ '^ ^ Pr=0 Pr-1=0 pi=0 

(4.50) 

N-r-S fc2 r-1 

kr=0 fci=0 J=l 

r 

x{N-h- si)s, ■ ■ ■ {N - kr - Y. Sj - r + 1),, 

i = i 
X (1 + «,)'='-^'-^(l + «, + «,_i)'=^-i-'='-2 ...(! + «, + ... + «^)fci . 

(4.51) 

By going back to the variables ij = kj — fcj-i, we can write it as a generalised hypergeo- 
metric function, 

C{{s,}, {a,}, N) = (^y (l),,(iV - s,)s, ■ ■ ■ (r + E 'j)sriN - r + 1 - 5)., 



k^ 



X 



E 



:i + si),, (1 - iV + si),, (r + E •=! 5i)^i+...+v(r - iV + E ■=! s,)*i+-+v 



,^_...^,^>o (l)n(l - Nh (r + E ■=} ^i)n+-+v(r -N + E,^={ s,)n- 



X (1 + a^)*'- ■ ■ ■ (1 + a^ + ■ ■ ■ + ai)'i . (4.52) 

The sum is bounded hj ii + ■ ■ ■ + ir < N — r — S because the last Pochhammer symbol 
in the numerator would vanish otherwise. 



4.4 Basis transformation for Woo [A] 

In the last subsection we have determined the basis transformation that relates the 
highest- weight basis and a quadratic basis for Wat. A quadratic basis also exists for 
Woo [A]. On the one hand, [36] generalised the construction of Wat via pseudo-differential 
operators to a one-parameter family of infinite dimensional W-algebras with quadratic 
non-linearities. On the other hand, [59] showed that these algebras can be understood 
as a Drinfeld-Sokolov reduction of /is [A]. In the work of [59], they used a realisation of 
hs[X\ in terms of infinite matrices, in which J+ and J_ are given by the infinite analogues 
of (4.12) and (4.25) with N replaced by A. 
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From this construction it is obvious that also the basis transformation of the last 
subsection can be generalised to Woo [A] : we have to work out the transformation for large 
matrices and then replace the explicit A^-dependence in the coefficients by A. Of course, 
the size of the matrices is also determined by A^, which means that we first have to take 
A^ large, until a given coefficient C{{sj}, {pj}, N) of the basis transformation stabilises to 
a certain polynomial in A^, and then replace A^ by A. 

The main difficulty is now that in the expression (4.48) the number A^ also appears in 
the range of the sums, and thus we cannot directly replace A^ by A. Instead we would 
have to perform the sum to get an expression which manifestly is a polynomial in A^ such 
that we can do the replacement. In the example of the linear contribution this is easily 
possible: the sum can be performed and the final expression (4.41) is written manifestly 
as a polynomial in A^ of degree 2s + p + 1. 

For the non-linear terms we shall instead encode the coefficients in terms of generating 
functions, in which the dependence of the summation range on A^ can be avoided. We 
already introduced the functions C*({sj}, {aj},N) with the auxiliary variables aj, which 
are generalised hypergeometric functions. In the expression (4.52) for C we could leave 
out the A^-dependent restriction in the summation range, because this restriction is auto- 
matically implemented by the vanishing of one of the Pochhammer symbols, so that we 
could replace A^ by A. This, however, does not lead to the correct answer, because the 
function obtained in such a way does not depend polynomially on A. Let us illustrate this 
in the example of the linear terms. For them, the generating function is 

<?(.. a,N)^?^mN- s). g (l±f)l|i^|±* (1 + ay (4.53) 

27r 
= -^(l).(A' - s)s2Fi{l + s,l-N + s;l-N;l + a) . (4.54) 

The function that one obtains by replacing A^ by A is not continuous at A = A^, but 
instead one has 

lim (A - s), 2i^i(l + s, 1 - A + s; 1 - A; 1 + a) 

= {N- s)s 2Fi{l + s,l-N + s;l-N;l + a) 
+ (-1)^(1 + A^).(l + a)^2i^i(l + s,l + N + s-l + N-l + a) . (4.55) 

This suggests to extrapolate the function C{s, a, N) to 

2tt 
C{s, a, A) = y (l)s(A - s), 2i"i(l + s, 1 - A + s; 1 - A; 1 + a) 

- ^(1),(-1)^(1 + A),(l + a) Vi(l + s, 1 + A + s; 1 + A; 1 + a) (4.56) 

= ^(.!)(A - shs-,1 f wTT^^W2i^i(l + ., 1 + . - A; 1 - A; 1 + a) 
k \r(l + s + A) 

+ F7r^-^^(1 + ")^^i(l + s, 1 + s + A; 1 + A; 1 + «) I . (4.57) 

i (1 + s - A) / 
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An elementary transformation of the hypergeometric function leads to 

\2Fi{l + s,l + s - \;2 + 2s; -a) . 



C(..a.A) = ^(,.W^^/^; 



27T 

T 



(4.58) 



The coefficient of each power a^ is a polynomial in A, which coincides with C{s,p,N) 
in (4.41) when we replace A^ by A. 

In principle one can apply this procedure also to the general non-linear terms. One 
replaces A^ by A in the generalised hypergeometric function, and determines the discon- 
tinuity at A = A^ to find the correct extrapolation to A 7^ A^. The function one obtains 
in such a way, however, is not of practical use, unless one finds a transformation to a 
(generalisation of a) hypergeometric function that has an expansion in ««. Such a step 
might be difficult to perform in general, therefore we shall pursue another strategy here. 
Again, this is illustrated in the case of the linear terms, where we already know the correct 
answer. 



Let us go back to the expression (4.51) for C. In the linear case it reads 



2n 



N-s-l 



C{s,a,N) = — Y. {i + l)s{N-i-s)s{l + a) 

^ i = 



(4.59) 



Now, (A^ — i — s)s is the coefficient of 7'^ in (s!)(l + 7)^"*"^, and {i + 1)^ is the coefficient 
of /3* in (— l)^(s!)(l + /3)~*~^. With the help of the auxiliary variables /3 and 7 we can 
then write C as 



27r 



N-s~l 



C(.,a,A^) = -(.!)2(-l)^ ^ (1 + 7)^-^-^(1 + /3)-^-^(l 
'^ i = 



a] 



YfS= 



(4.60) 



where it is indicated that in an expansion in 7 and (3 we only keep the term involving 
7*/3*. We perform the geometric sum to obtain 



27r 
C{s,a,N) = -{s\)\-l 



We rewrite the denominator as 





(1 + 7)^- 


. ( l+a \^- 


-s 


1 


V 


{{l+l3){l+y)) 


) 


(1 + /3) 


l+a 


-1 






(l+/3)(l+7) 



(4.61) 



1+^ - iV' = (^+/^)(^+^) 



,(l + /5)(l + 7) 



a 



Y/S" 



l--((l + /3)(l + 7)-l)l 
a 



(4.62) 



The term in the square bracket is expanded for small /3 and 7, while a is kept fixed. We 
arrive at 



27r 



C{s, a, N) = -{s\)\-ir ((1 + 7)^(1 + /3)^-^(l + af-^ - (1 + 7)^) 



k 

m>0 



YfS^ 



(4.63) 
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When we further expand this expression, the coefficients of a^/3^7'^ are polynomials in A^, 
and we can replace iV by A. We obtain 

It can be verified that this result agrees with the previously derived expression (4.58). 

The strategy just described can easily be applied to the general non-linear terms. We 
start from (4.51), and introduce auxiliary variables Pi, . . . , Pr and 71, ... , 7,.. We can then 
write 

r r N—r—S fc2 

J 



j = l kr=0 fel=0 

X (1 + ^r)"-'-^'-' ■ ■ ■ (1 + 7r- + ■ ■ ■ + 72)'^"''~'(1 + 7r- + ■ ■ ■ + Tl)"^"''"' 



X (1 + /3,)'=-i-'='-i ...{1 + 13, + ... + /3i)~'^^"' 
X (1 + ar)'"'-"'"^-' ■ ■ ■ (1 + a^ + • • • + ai)'' 






(4.65) 



When we introduce the notation 

Aj = aj + ■ ■ ■ + ar , Bj = /3j + ■ ■ ■ + (3r , C^ = 7^- + ■ ■ ■ + 7^ , (4.66) 

the expression simplifies to 

.9 sr r (TA_r<\N N-r~S fc2 



'l+Ai) \''' ( il+Ar) \^^-^^-^ 



Bi){l + Ci)J \{1 + Br){l + Cr)^ 



1 Sr 

7l ■••7r'^ 



(4.67) 



We can now successively evaluate the geometric sums, starting with the sum over ki giving 
>r- / [l + Ai){l + B2){1 + C2) \ _ {{i+B^){i+Ci){i+A2)) ^ f.^^. 

,^A(i + Bi)(i + Ci)(i + A2) ( {i+Ai){i+B,)(i+c,) \ _ -^ ■ y ■'^'^) 

fci=0 \V ^ UK ^ lA T 2J/ {(^i+Bi)(l+Ci){l+A2)) ^ 

We expand the denominator in the auxiliary variables except for ai (the denominator 
vanishes if all auxiliary variables are set to zero; since ai appears in all denominators that 
arise from the geometric sums, it is enough to keep this parameter finite while expanding 
in all others). Thus we have 

fil + A,){l + B2){l + C2) _X'^ 



;i + 5i)(i + Ci)(i + A 



2 



[1 + B,){l+Ci){l+A2) i , 1 A, , , , (l + 5i)(l + Ci)(l + A2 



-1 



1 + - (1 + ^2)- ^ ./ o ./ V. • (4-69) 



aiil + B2)il + C2) i ai V {l + B2){l + Q 
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From the expansion of the expression in the curly brackets we only get negative powers 
of «!• Therefore, the term coming from the —1 in the numerator of (4.68) does not 
contribute any non-negative power of ai, and we can neglect it if we later project on 
non-negative powers of ai. Performing all geometric sums in that way we arrive at 



C{{s,},{a,},N)=(-\ n(^.0'(-l 



27r 



xri|i + :^ 



-1 



«! 



k 



;i + Ai 



\N-~S( 



Bi] 



-N+r+Si 



1 + CiY' 



uui^ + C,){1 + B, 



-ftl 



:i+Ei)(i+Ci)(i+A,+i) 

(l + 5,+i)(l + C,+i) 



non-neg. powers of oi 



(4.70) 



Here, we have set S = si + ■ ■ ■ + Sr, and Ar+i = 5r+i = C'r+i = 0. When we expand 
in the auxiliary variables (with the expansion in ai done only after all other expansions 
have been performed), the coefficients are polynomials in A^. Therefore we can replace N 
by A in the expression (4.70) and obtain a generating function for the coefficients of the 
basis transformation for an arbitrary value of the parameter A. When we do the explicit 
expansion (for details see Appendix B), we obtain our final result. 



XI 


^ ^ j = l ^(1) ^{6)>o a,fe,c>0 fei,...,b^_i>0 

..J-;;_- ci,...,c._i>0 






/2S + Pr-pi-a-b-c- E •=! {bj + c, + rf + ■■■ + rf)\ 


X 


[ S + Pr~Pi-a-b- EU {b, + rf + rf + rf + rf) J 




/S + Pr-pi-a-b- ^Zl [b, + rf + rf + rf + rf)\ 


X 


V 5-6-E-=l(&,+rf + rf) J 


X 


/_A + r + 5 - 1 + TJrl ^?\ (r + 2S-l-b- E,^=l (&, - rf + Tf)\ 
h 1 \ c 


\/ 


\ " / \ ^ J 

( X-S \(r + 2S+Pr-b-c-j:'jZl{bj+cj) 


X 


^r + 2S + Pr-b-c- E'jZl {bj + Cj)j \ a 


X 


r-l 
11 

i = i 


. ' \ rf )\ rf )"-[ rf ) 




, /'-I - rf - ■■- rf] ('-l - rf rf] (p^ - p, - EC),, r< 






\ ''i l\ <^i )\ Pi+i-Pj 



X 



'Sr + UZJ {S, -h- rf)\ (Sr + TZl {S, - C, - t\ 



(4) 



(3)N 



(4.71) 
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The sum is finite, because the product of the first two binomial coefficients vanishes unless 

r-l 

« + E {'^f + ^f) <S + Pr-Pi (4.72) 

i = i 

r-l 

i = i 

c + E (ci + ^f ^ + ^f ) < S . (4.74) 

i = i 

The coefficients (4.71) determine the basis transformation via (4.49), the first terms read 
„. = |(^;l)w. (4.75a) 

+ ^(^ + ^)(5A + 7)W,>vf^ (4.75d) 

+ ^ (' ; ') (7A + 10) Wf ) Wf ) + ^ (' ; ') (21A + 29) Wf ) W, 

+ tStI^ 7 1(3843 + A(1717 + 7A(51 + 5A)))>Vi>ViWi . (4.75e) 



63A;3 \^ 6 



43 



This result reproduces^^ the basis transformation that was determined in [19] for the first 
few spins, if one uses the identification of fields given in (3.28) and divides our m's by a 



factor -f(^J^ 



5 Conclusions 

In the absence of matter couplings, the interactions of higher-spin gauge fields in Z^ = 
2 + 1 can be described by Chern-Simons (CS) actions. The asymptotic symmetries of 
asymptotically-AdS solutions of the field equations are given by the W-algebras that 
result from the Drinfeld-Sokolov (DS) reduction of the gauge algebras. In this paper we 
presented a procedure to compute the structure constants of all classical W-algebras that 
can be obtained from the DS reduction of a (possibly infinite-dimensional) Lie algebra 
with a non-degenerate Killing form. We used it to discuss some general properties of the 
resulting W-algebras, and we applied it to a class of infinite-dimensional Lie algebras, 
denoted by hs[\], that play an important role as higher-spin gauge algebras. A CS action 
with gauge algebra hs[X] © hs[X] describes indeed the coupling to gravity of a set of 
symmetric fields iPfj.^...^^ with ranks s = 3, 4, . . . , cxo. The field content is thus the same as 
in the gauge sector of Vasiliev's models [8]. The algebra of asymptotic symmetries is a 
classical centrally extended infinite-dimensional W-algebra, that we denoted by Woo [A]. 
We determined its structure constants in (3.21) in a basis where all its generators W^ are 
Virasoro primaries, and where {Wj, W^} is a polynomial in the generators of the same 
order as the minimum of the labels i and j. 

For integer X = N the Killing form degenerates and the CS action becomes that of a 
s/(A^, M) © sl{N,M.) theory. The results presented here thus complete the analysis of the 
asymptotic symmetries of this class of higher-spin theories that we initiated in [14], and 
provide a closed formula for the structure constants of all classical Wat algebras in a Vi- 
rasoro primary basis. For A = 1/2 the gauge algebra coincides with the three-dimensional 
Fradkin-Vasiliev algebra [1, 56], and our formula provides the structure constants of the 
infinite-dimensional asymptotic W-algebra of [13]. For generic A it also reproduces the 
first few structure constants of Woo [A] that were computed in [19]. We eventually pre- 
sented a way to systematically relate our basis to the non-primary quadratic basis of [36], 
where Woo [A] first appeared in the context of KP hierarchies. 

To stress the relation between /is [A] © hs[X] CS theories and HS gauge theories, in 
Section 3.1.1 we also discussed how one could express the metric-like fields v^^i...^^ in terms 
of the vielbeine and spin connections entering the CS action. We were able to establish this 
relation up to s = 5, and it would be interesting to complete the identification following the 
lines we proposed. In fact, the relative simplicity of the models we considered could well 
shed light on the interplay between the disparate approaches that were proposed over the 
years to tackle the difficult analysis of higher-spin interactions in i5 > 3 + 1. Recovering 



^Up to the W-algebra automorphism in (3.24). 



44 



a non-linear completion of the metric-like formulation of Fronsdal or its generalisations 
(see e.g. [44]) out of the frame-like formulation of Vasiliev (see e.g. [3, 4]) could be a 
first important step in this direction. Moreover, this would also allow a reconsideration 
of our findings along the lines of the original Brown- Henneaux analysis of the asymptotic 
symmetries of Einstein gravity [15]. 

Another context where our results could stimulate further developments is the study of 
higher-spin realisations of the AdS/CFT correspondence. The asymptotic symmetries of 
the bulk theory should indeed correspond to global symmetries of the boundary CFT. It is 
still not clear whether the pure higher-spin gauge theories that we discussed admit a CFT 
dual, but the three-dimensional Vasiliev's models of [8] - describing the coupling to scalar 
matter of the same gauge fields we considered - are also built upon hs[X] © hs[X] gauge 
algebras. The suggestive asymptotic W-symmetries of pure three-dimensional higher- 
spin gauge theories already led Gaberdiel and Gopakumar to conjecture a holographic 
duality between the large A^ limit of minimal models with Wn x Wat symmetry and 
three-dimensional Vasiliev's models [18]. Since W-symmetries are the cornerstone of this 
conjecture, it would be important to reconsider our analysis - rather closely related to the 
CS formulation of the dynamics - in order to extend it to Vasiliev's models. In the mean- 
time, we hope that our detailed description of Woo [A] already help further quantitative 
checks of this proposal beyond those recently presented in [19, 20, 21]. 
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A Structure constants of hs\X 



The structure constants that appear in the definition of the ^ir-product (3.7) can be ex- 
pressed in terms of those defined in [30] (see also [19]) as 





^k+e-i-l k-l,l-l 



= g'^^'-^-^^.+7---iK^;A), (A.i) 

where g is a normalisation factor that must be equal to 1/4 for any finite A, but that 
is useful to discuss the A — )■ oo limit of hs[\] (see e.g. [19]). Moreover, in [30] it was 



45 



proposed that the functions g]j''{m^n\ A) are given by 

9'k\rn,n]X)= ^.^ ^ ^., 01' ^(A) iV^ '■^(m,n) , (A.2a) 

fc+i (J. I i\ 

N^'\m, n)= Y. (-1)" (2z + 2 - k)p[2j + 2 - |)]fc_p+i[z + 1 + m]fe_p+i[j + 1 + n]p , 

P=i \ P J 

(A.2b) 

.. _ |i ^ [(2,-3)(2,+ l)-4(A^-l)](.-2, + 3W2-,+ l) 

p.o/.i ?(2i-2g + 3)(2j-2g + 3)(2i: + 2j-2fc + 2g + 3) ^ ' 

Here [k\ denotes the integer part of k, while (a)„ and [a]„ denote respectively the ascend- 
ing and descending Pochhammer symbols, 

(a)„ := a{a + 1) . . . (a + n — 1) , (A. 3a) 

[a]n := a{a-l) . . .{a-n + 1) . (A.3b) 

See also [30] for some alternative rewritings of eqs. (A. 2). An expression for the /is [A] 
structure constants was also provided in [32] in terms of Clebsch-Gordan and generalised 
Wigner - 6j - symbols. See [29] and [33] for the proof that different values of A lead to 
algebras which are not isomorphic. 



B Structure constants of Woo [A 

In this appendix we prove the expression for the structure constants of Woo [A] that we 
displayed in eq. (3.21). The involved steps closely follow those needed to compute the 
polynomials in the Virasoro generators that appear in the Drinfeld-Sokolov reduction of 
a generic algebra. They were presented in eq. (2.62) and we shall begin by proving it, 
before moving to eq. (3.21). We close this appendix with a proof of eq. (4.71) that, 
through eq. (4.49), determines the basis transformation needed to connect our result with 
the quadratic basis of [36]. 



Proof of eq. (2.62) 

In order to prove eqs. (2.62) and (2.63) it is convenient to omit possible colour indices and 
to consider the gauge parameter A+ = e{9)W^. Using the truncated covariant derivative 
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of (2.61), each summand in (2.42) then takes the form 
{-DRL_YD\+ = (-l)"|9"+^e(i?L_)" 

n+l /9„xr n-r+1 (n-r+l)-n in-r+l)-Yl,l~^ it 

X {RL^y'L.{RL^y'+^ . . . L^(i?L_)*'-+^L_(i?L_)("-"+^)-S^* 1 VT/ , (B.l) 

where we also omitted the 6 dependence in both ordinary and covariant derivatives. One 
can check this expression by recursion. To this end, let us compute separately the two 
summands in 

{-DRL^Y^^DX^ = -Id +'^Cl\ {RL^){-DRLJ)''D\+ . (B.2) 

The first one reads 
- d{RL.){-DRL^YD\+ = (-l)"+^|9"+2e(i?L_)"+^ 

n+l /9_xr n-r+2 (n-r+2)-n (n-r+2)-J2l~^ H 

+ E (t^) E E ••• E 9*i(/:9^^(...(£a^'-(£a("-^+2)-i:;«*e)))) 

X {RL_y'L_{RL_y^+^ . . . L_(i?L_)*'-+^L_(i?L_)("-''+2)-E;^* I W^ . (B.3) 

In order to rebuild (B.l) with n — )■ n + 1 two contributions are missing: the terms with 
ii = in the first sum over derivatives and the term with r = n + 2 in the sum over the 
order of non-linearity. They come from the second summand in (B.2) that can be cast in 
the form 

- '^ CLJRLM-DRL_YD\+ 
k 

n+2 /9_xr "-''+2 ("-''+2)-I]r^ *« 

X L^RL^y^+K.. L_(i?L_)^'-+^L_(i?L_)('^-"+2)-E;^4ty/ 



:b.4) 



and thus gives all terms with ii = 0. This suffices to conclude because the term with 
r = 77, + 2 does not contain derivatives. 

The next step is the elimination of the operators in (B.l) using 

L_ Wl^ = -{U- V) W^/_(,+i) , (B.5a) 

{RLS)^ Wl^ = j^_ Wl^^,^ . (B.5b) 
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Both identities follow from the commutators (2.12). In particular, one can get (B.5b) 
combining W^_p = {n + l)"^L_|_W/_. ^-^^ with (2.38). Taking advantage of (B.5) we get 



(-l)"(n + r)! {RL_y'L_{RL_y'+^ . . . L_(i?L_)^'+iL_(i?L_)("-'^+i)-Si^* W^ (B.6) 
= n ({n-r + l)-J2^t + 2s + l] (2i-{n-r + l) + J2^t-2s]wi^^^,y 

s=0 \ t=l / \ t=l / 

In order to make contact with eq. (2.62) we can now evaluate the derivatives in (B.l), 

h ii+i2-pi J2[^k-J2[ Pt r /\^s ■ \^s~l^\ (B.7) 

= y. y. ■■■ y. rr ( ^l ^* ~ ^l ^M £(pi) , , , ^IpO^Cn-r+l-^^O ^ 



Pl=0p2=0 Pr=0 S = l 



Ps 



and eventually exchange the sums over i's and p's. Here, as in the main body of the 
text, an exponent between parentheses denotes the action of the corresponding number 
of derivatives on the field. The rewriting (B.7) leads to 



(_T\n n+1 (_T\n+r /n 



n\ ^^ [n + r) 



:b.8) 



Pl = Pr = 

The coefficients C^[?^, T]pi...p^ are defined by 

n-r+l (n-r+l)-Ji (n+r-l)-^!^"^ it ^ /v-s • _ v-s-l ^ \ 

^Krk...,.= E E ••• E nF\^^ "^M 

X Un - r + 1) - E ^t + 2s - 1 j hf - (n - r + 1) + E ^t " 2(s - 1) j , 

where, as in (2.63), we introduced (a)+ = max (0, a). 

To conclude we have to apply the projector P_ to (B.8) and to sum over n as in 
(2.42). The projection selects the terms in Wf^ out of (B.8), thus forcing (n + r) = li. 
We recovered in this way the upper bound n < 2i already discussed after (2.42). The 
condition r < n + 1 also induces a lower bound on the number of terms that contribute 
to (2.42). For A+ = e{d)W^^ one actually has 

21. 

S^a{9) = E P-{-DRL_fDeWe^, (B.IO) 

n=ie\ 

where \_i\ is the integer part of i. Reorganising (B.IO) as a sum over the order of non- 
linearity (e.g. over r = 2£ — n) eventually leads to (2.62). 
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Proof of eq. (3.21) 

The first step of tlie proof is the natural extension of (B.l). Also in this case we consider 
the gauge variation induced by a gauge parameter with a definite Lq eigenvalue, say 
A+ = e{6)W^. In order to proceed it is convenient to introduce the operators 

Wax:= [W^^, x] ioixEhs[\], (B.U) 

that enable one to cast the /is[A]-covariant derivative in the form 

r) OO 

D = d+ — Y.^a{0)Wa. (B.12) 

'^ a = l 

As usual we identified C with Wi and L_ with Wi. Following (B.3) and (B.4) one can 
then prove by recursion that 

S,a = P_ E {-DRL^rDX^ = P-Y. (-ir 9"+^e(i2L_)"+ ^ E ••• E 



{n-r+l)-Y,\ qt 



'27rV "-'■+^ 
X l-TT 



The first contribution in (B.13) gives the central terms that we already discussed in detail 
in Section 2.4.2. We shall thus often omit it in the following. 

The Lq eigenvalue of the /is [A] generator resulting from the application of the chain of 
operators on WI can be read off quite easily from (B.13). It is 

m = - [ z - E«t - ^ ) (B-14) 

since each Wat insertion lowers it by —at and for each n there are n operators {RL_). On 
the other hand, as already discussed at the beginning of Section 3.2, the maximum value 
of the final spin is 

r 

e = Y^at + i - r. (B.15) 

t = i 

Since m must satisfy \m\ < i, the variable r is bound to obey r < min(n + l,2i — n). 
Reversing the order of the sums over r and n this leads to 

(2i+l) « /o ^r OO OO 2i-r ( ^ 

^Aa = ^W^V + P-EM E--- E E (-ir ••• k/, (B.16) 

where the terms between braces have the same structure as those appearing in the second 
and in the third line of (B.13). Note that in getting (B.16) we already took into account 
that hs[X\ only contains generators with integer spin. 
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We can now evaluate the action of the operators on W^ using (3.8) and (B.5b): with 
the identification bo = i we obtain 



{RL^ 



\qi 



w, 



1 



E E 

bi=\ar~bo\+l ^2 = |ar-i-fei|+l 
ar+bo+bi odd 0^-1+61+62 odd 



xn 

s = 

X /a 



{br + El at-i + n) 

ar+bo+bi odd 

n-t + b, + YJr-s+i «t - 1:1-'+' qt-r + s)\ 



ai+br-i — l 

E 

br = \ai~br-i\ + l 
ai+br-i+br odd 



(B.17) 



1 {n-i + 6,_i + Er~s+2 at - Er'^^ qt - r + s)\ 



-a^-s+i i-n- Er-s+2 «t + El 



r— s+l 



qt + r 






The final spin is br- As a result, we should bring the sum over br in the first position 
among all other summations. In this fashion we can eventually select a particular br to 
read the gauge variation of W;,^. Due to its selected role, in the following we shall define 
j = br- Bringing the sum over j in the first position casts the summations over 6's in 
(B.17) in the form 



J2[at+i-r min(ar+6o-l.Ei o-t+j-r+l) 

E E 

j=max(l ,M{r,i)) bi =max(|ar-bo|+l ,M{r-l,j)) 

El ''*+*+'' '^^'^^ ar+bo+fei even 



min(a2+fe, — 2 — 1 , ai+j — 1) 

E 

br-i = max{\a2-br^2\+l , M{1, j)) 
a2+br—i+br even 



(B.18) 



with 



M{s,i) := 2m8ix{{at}t=i,i) - ^ a* - ^ + s 



(B.19) 



t = i 



The sum over j commutes with all other summations with the exception of those on 
Ofc. Before performing this last exchange let us evaluate the projector P_. It forces the Lq 
eigenvalue of the generator appearing in (B.17) to coincide with j. Therefore it imposes 



n 



i^+j] 



E«« 



(B.20) 



t=i 



Both (B.20) and the extrema of the sum over j only depend on the sum of all at- Let us 
thus introduce L = Ei Ofc- For L < i the lower bound of the sum over j is given by (B.18) 
a,s j > i — L + r. On the other hand, for L > i the lower bound comes from (B.20) since 
L — i + r — l>M(r, i). In conclusion we are led to consider 



L+i 



E E E 

-^^ = 1 {at} j = \L-i\+r 
i+j+L+r even 



00 i+j-r 

E E E 

j = l L = \i-j\+T {at} 
i+j+L+r even 



(B.21) 



where the multiple sum over the a's must be such that Ei o-t = L. Substituting everywhere 
(B.20) and expanding the derivatives as in (B.7) eventually lead to (3.21). 
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Proof of eq. (4.71) 

We start from (4.70), and first expand the factors of the last product, 






:i + gi)(l + Ci)(l + yl,+i) 
(l + 5,+i)(l + C,+i) 



Ci + fii(l + Ci) + A,+i(l + 5i)(l + CO 



ai(l + 5,+i)(l + C,+i) 

- C,+i - 5,+i(l + C,+i) - A^il + 5,+i)(l + c,+i; 

^ K(i + i?,+i)(i + c,+i))-'^^' 



Jl) ^(6) 



(1) (6)^n 



X 






\ r« n rf) y V rf J 

X [Ci]^^''[5i(l + Ci)]^r[A,+i(l + 50(1 + c^Y^' 

X [-c,^.0''^'Vi?.+i(i + c,+i)]^fV^2(i + i?,+0(i + c.+i)]' 



For j = r this expression simplifies to 



1 + — ((1 + AO- (1 + 50(1 + Ci))' 






^ ^(1) ^ ^ ^[2) [^1]" [5l(l + C^l)]^' [-A2Y' 



(B.22) 



(B.23) 



(B.24) 



In the next step we expand the powers of (1 + Ai), (1 + i?i) and (1 + Ci) with summation 
variables a', b, c, respectively, and the powers of (l + Bj^i) and (1 + Cj+i) with summation 
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variables bj, Cj with j = l,...,r — 1. We obtain 



E E E 



i=i 



r'^> ...r''-^^>0 r'^> r^^' r^^' a' ,b,c>0 bi,...,br^i>0 



j=l,...,r-l 






ci,...,c, — 1>0 



r-1 



/ (1) , , (6)\ / (2) , , (6)^ 



.lYr+^r+^Tr' 



-1 — r 



(1) 



,(1) 
i 

(5)N 



,(2) 






-1 — r 



(1) 



,(4)N 



X 



xf-l 



X 



^rl'Wr 



(1) ^ ^(2) ^ ^(6)\ /^(2) ^ ^(6)\ M _ 5\ / ^ + ^ + ^ _ 1 + ^r-1 



1^(3)^ 



r(^) r(^) 



.7 = 1 ''"j 



5-l + E-=}(rf +rf)+r(2r 



_r_r(i)-r^^^-r,f'^^-^''"^l-<^)-L...J--(«) 









Oi 



X A^5i 






C^i 



Ao 



j=i \ 



7l ■••7r 



(B.25) 



non-nog. powers of oi 



We want to extract the coefficients with powers (3^^ and 7^^. In particular the sum of 
the exponents of the Bj and of the Cj have to match S = Si + ■ ■ ■ + s,.. This fixes the 
summation variables r^}^ and rp-* to 



i=i 
r(^) = 5 - 6 - E (^. 



Tj ' + rj 



J , Tj + Tj 



j=l 



In the next step we expand the power of Bi = Pi + B2, 



(B.26) 
(B.27) 



Bi 



s-E-Zlh. 






'S-J-zi{b,+rf)\ s^s.^J--(b, 



-l/^.+.w 



'j-r-i 



(B.28) 



^Pj-Pj-i 



Pl^ \ Si J 

then the power of B2 = P2 + B^, and so on, similarly for the Cj. 

To extract the coefficients C{{s},{p},X) we also have to project to powers a* 
The sum of the exponents of the Aj plus the exponent of ai has to match p,., this can be 
used to fix a' to 

r-l 

^ (B.29) 



a' = r + 2S + Pr — b — c — "^ {bj + Cj) 

j=i 
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Now we expand the power of Ai = ai + A2 



r+2S+Pr-b-c-J2]J^{b,+c,) ^/r + 2S + Pr-b-C- ELI (bj + Cj) 



a>0 \ 



r+2S+pr-a-b-c-y. Ubi+cA 

X «! ^^='' ' ''A^ . (B.30) 

The sum of exponents oi A2, . . . , Ar has to match pr — pi leading to the condition 



r 



r-l 

(6) 



Pr-Pi-a-Y.{rf+rf) , (B.31) 



which fixes r^PK In the next step the power of A2 is expanded as 



A. 



V^r-l (3) /„ _ n, _ Y^^~l ^(''K v-^r-1 (3) 



2 



P2-P1 \ P2-PI 



A3 "' ^-^ ^ , (B.32) 



then the power of A3, and so on. This leads to the final result (4.71). 



C Poisson brackets of wP, w]^^ and Woo [A 



In this appendix we present the Poisson brackets of the two examples of W-algebras that 
we discussed in Section 2.5. We also present the Poisson brackets of Woo [A] for fields of 
weight i < 3. Imposing A = 3 and rescaling them by A''2(3) they give the W3 algebra, while 

imposing A = 4 and rescaling them by iV3(4) they give the VV4 algebra. In this fashion 

(2) (2) 

they allow to compare the W3 and W4 algebras with their counterparts associated to 

a principal s/(2) embedding. 
Poisson structure of W3 

(2^ 

Here we present the full W3 algebra of [55] before implementing the shift (2.75), with the 
convention that all fields on the right-hand side depend on 9' and S'{9 — 6') = 806(9 — 9'). 
Exponents between square brackets denote colour indices, while exponents between paren- 
theses specify the number of derivatives acting on the corresponding object. 

{Wo(^),Wo(^')} = ^5'{9-9'), (C.la) 

{Wo{9),W^^{9')} = a^5{9 - 9')W^^ , (C.lb) 

{Wo(^),£(^')} = 0, (C.lc) 

{C{9) , C{9')] = S{9 - 9') C -2 6'{9 - 9') C - ^ 6^^\9 - 9') , (C.ld) 



Air 

S'(9 - 9 
2 



{£{9) , Wl"l(^')| = K0 - d') Wi"l' - \ 6'{9 - 9') Wl"! + a ^ 5(0 - 9') WqWI"' , (C.le) 
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{W^^\9),W^^\9')} = Sa+t,o(- ^a5"{e-e') - a5{e-e')C (C.lf) 

+ 5{e - e') Wo' - 2 5\e -e')Wo - a'^ 6{e - e') WoWo ) , 

This algebra is written in a non-primary basis, as can be seen explicitly in (C.lc) and 
(C.le). Redefining C as in (2.69), the correct transformation in (C.lc) is recovered and 
the distracting term in (C.le) is removed as discussed in Section 2.5.1. 

Poisson structure of W4 

Here we present the full W4 algebra after the shift (2.75). As before, all fields appearing 
on the right-hand side are functions of 9' and 5' {9 — 9') = 806(9 — 9'). 

{C{9) , C{9')} = 6{9 - 9') £' - 2 5' {9 - 9') C - ^ 6^^\9 - 9') , (C.2a) 

[C{9),wf\9')] = 5{9-9')wf^' - {^+l)5\9-9')wf\ ^ = 0,1,2, (C.2b) 

{>Vo(^),>Vo(e')} = —6\9-9'), (C.2c) 
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{Wo(^) , W!"l(^')} = a^5{9- 9') wf' , (C.2d) 



k 



{wY\9).wf^{9')} = 5.+,,o ^5('\9-9' 



_ ^ S"^0 _ 0') Wo + y 5'{9 - 9') WJ -l5{9- 9') Wj' 

+ 26'{9-9')C - 5{9-9')C' - 2a5{9-9')W2 

2-jT ^ 2tt 21 

^ _2ad{9-9')WoC+ — -§'{9 - 9')WoWo 

- y § ^(^ - ^') >^oWo' - (1^)' ^ 6(9 - 9') WoWoWo \ , (C.2e) 

{W^\9),W2{9')] = 

_ ^ S"(e - 9') W}""1 + — 5' (9 - 9') W}""]' + -5(9- 9') W^"'" 
3 6 6 

+ ^ a ? 5(^ - 0') £ W!~"l - ^ I <5'(e - ^') WoW!"'^^ 
k 6 k 2 

+ '^^S{9- 9') Wo'w!'"' + '^^S{9-9') Wo W|-"l ' 

1^)' ^ 5(e - 9') Wo Wo WI^'^J , (C.2f ) 
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{m{d),w,{e')] = —5^'^\e-d' 



487r 

+ ^ 5(3)(^ _e')c-^- 6" (6 - e') c' + - 5'{e - e') c" --5{e- e') 5'^ 

6 4 4 6 

+ f ^ ^''' (^ - ^') ^°^° - T i '"(' - '') ^°^° 



27r\2l 



A; / 4 



5(^-^0 (2£>Vo>V^ + jC'WqWo) 



+ '^-^8S'{9-9')w[-'W^^ - ^4 6(9-9') {wt'W^^)' . 



(C.2g) 



Poisson structure of Woo [A]: the first brackets 

Here we present the first Poisson brackets of Woo [A], i-e. the {Wj,VU,} with i,j < 4. As 
in the previous examples all fields appearing on the right-hand side are functions of 9' 
and 6' {9 — 9') = dgd{9 — 9'). Moreover, A^^ denotes the normalisation factor (3.10b). 



k 



{C{9), C{9') } = 6{9 - 9') C - 2 5\9 - 9') C - -^ S^^^ {9 - 9' 



(C.3a) 



{C{9) , Wt{9')] = 6{9 - 9') w; - (£ + 1) 5' {9 - 9')Wt , i>\ 



(C.3b) 



INz 



{W2(^),W2(^')}= 7^^ 



^{9-9')y^!^ - 2^\9-9')y^^ 



VIN2 
167r 

SfciVo 



2 8(9- 9') £(3) -^8' (9- 9') C" + 15 5" [9 - 9') C! - 10 b"^^^ ( 

k 



9')C 



'\ r2 



S{9 - 9') CC - 5\9 - 9') C 



487riV2 



5^^\9-9') 



(C.3c) 



{W2{9),W-0)] 



N2N3 



2 6{9-9')Wi - 5S\9-9')W4 



I5N2 
in 

15kN2 



5(9 - 9') Wf ^ - 6 5' {9 - 9') W2" + 14 5" {9 - 9') W^ - 14 S^^\9 - 9') W2 



25 6{9 - 9') W2 a + 18 ^{9 - 9') C W^ - 52 6' {9 - 9') CW2\ , 



(C.3d) 
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SN. 



{wm , Ws{e')} = - ^^^^, 



(A^ - 19) 
3ON3 
1 



360iV, 



6{e - e') wf ^ - 5 5' {6 - e') wf ^ + 9 5"{e - e') w^ - 6 5^^\e - e') w^ ' 

3 5{e - e') £(^) - 20 5\e - e') c^^^ + 56 6"{e - e') r^^) - 84 5(3) {e - e') c" 
h 70 5^^^ [9 - e') a - 28 ^(^^ {e -e')c 



27r(29A2 - 284) 



IhkN-, 



6{e - 9') W2W2' - 5'{e - 9') (W2 



TT 



90A;A^, 



177 5{e - e') c'c^^^ + 78 5{e - e') cc^^^ - 295 s'{e - e') {c'f 

- 352 5\e - e') CC" + 588 5" {6 - 6') CC - 196 5^^^ {6 - 6') C? 



+ 



287r(A2 - 19) 
15A;iV, 



327r^ 
5A;2A^. 



?>{e - e') WiC + 5{e - e') cw;^ - 2 5'{e - e') cw^ 

k 



e')c'c' - 2S'(e-e')c 



'^ r3 



14407rA^c 



s^'^e-e'). 



(C.3e) 



56 



References 

[1] M. P. Blencowe, "A Consistent Interacting Massless Higher Spin Field Theory In D 
= (2+1)," Class. Quant. Grav. 6 (1989) 443. 

[2] M. A. Vasiliev, "Consistent equation for interacting gauge fields of all spins in (3+1)- 
dimensions," Phys. Lett. B 243 (1990) 378, "Nonlinear equations for symmetric 
massless higher spin fields in (A)dS(d)," Phys. Lett. B 567 (2003) 139 [arXiv:hep- 
th/0304049]. 

[3] X. Bekaert, S. Cnockaert, C. lazeoUa and M. A. Vasiliev, "Nonlinear higher spin 
theories in various dimensions," [hep-th/0503128]. 

[4] C. lazeoUa, "On the Algebraic Structure of Higher-Spin Field Equations and New 
Exact Solutions," [arXiv:0807.0406 [hep-th]]. 

[5] R. R. Metsaev, "Cubic interaction vertices of massive and massless higher spin fields," 
Nucl. Phys. B759 (2006) 147 [hep-th/0512342]; 

R. Manvelyan, K. Mkrtchyan and W. Riihl, "General trilinear interaction for arbi- 
trary even higher spin gauge fields," Nucl. Phys. B836 (2010) 204 [arXiv:1003.2877 

[hep-th]]; 

A. Sagnotti and M. Taronna, "String Lessons for Higher-Spin Interactions," Nucl. 
Phys. B842 (2011) 299 [arXiv:1006.5242 [hep-th]]. 

[6] X. Bekaert, N. Boulanger and P. Sundell, "How higher-spin gravity surpasses the spin 
two barrier: no-go theorems versus yes-go examples," [arXiv:1007.0435 [hep-th]]. 

[7] M. Bahados, C. Teitelboim and J. Zanelli, "The Black hole in three-dimensional 
space-time," Phys. Rev. Lett. 69 (1992) 1849 [arXiv:hep-th/9204099]; 

M. Bahados, M. Henneaux, C. Teitelboim and J. Zanelli, "Geometry of the (2+1) 
black hole," Phys. Rev. D 48 (1993) 1506 [arXiv:gr-qc/9302012]. 

[8] S. F. Prokushkin and M. A. Vasiliev, "Higher-spin gauge interactions for massive 
matter fields in 3D AdS space-time," Nucl. Phys. B 545 (1999) 385 [arXiv:hep- 
th/9806236]. 

[9] E. Sezgin and P. Sundell, "Massless higher spins and holography," Nucl. Phys. B 644 
(2002) 303 [Erratum-ibid. B 660 (2003) 403] [arXiv:hep-th/0205131]. 

[10] B. Sundborg, "Stringy gravity, interacting tensionless strings and massless higher 
spins," Nucl. Phys. Proc. Suppl. 102 (2001) 113 [arXiv:hep-th/0103247]; 

E. Witten, talk at the John Schwarz 60th birthday symposium, 3 November 2001, 
http : //theory . caltech.edu/jhs60/witten/l .html; 

A. Mikhailov, "Notes on higher spin symmetries," arXiv:hep-th/0201019. 



57 



[11] I. R. Klebanov and A. M. Polyakov, "AdS dual of the critical 0(N) vector model," 
Phys. Lett. B550 (2002) 213 [hep-tli/0210114]. 

[12] S. Gionibi and X. Yin, "Higher Spin Gauge Theory and Holography: The Three- 
Point Functions," JHEP 1009 (2010) 115 [arXiv:0912.3462 [hep-th]], "Higher Spins 
in AdS and Twistorial Holography," JHEP 1104 (2011) 086 [arXiv: 1004.3736 [hep- 
th]], "On Higher Spin Gauge Theory and the Critical 0(N) Model," [arXiv:1105.4011 

[hep-th]]; 

R. d. M. Koch, A. Jevicki, K. Jin and J. P. Rodrigues, ^^AdS^/CFT^ Construction 
from Collective Fields," Phys. Rev. D83 (2011) 025006 [arXiv:1008.0633 [hep-th]]; 

M. R. Douglas, L. Mazzucato and S. S. Razamat, "Holographic dual of free field 
theory," Phys. Rev. D83 (2011) 071701 [arXiv:1011.4926 [hep-th]]; 

X. Bekaert, E. Joung and J. Mourad, "Effective action in a higher-spin background," 
JHEP 1102 (2011) 048 [arXiv:1012.2103 [hep-th]]; 

A. Jevicki, K. Jin and Q. Ye, "Collective Dipole Model of AdS/CFT and Higher Spin 
Gravity," [arXiv:1106.3983 [hep-th]]. 

[13] M. Henneaux and S. J. Rey, "Nonlinear W(infinity) Algebra as Asymptotic Symmetry 
of Three-Dimensional Higher Spin Anti-de Sitter Gravity," JHEP 1012 (2010) 007 
[arXiv: 1008.4579 [hep-th]]. 

[14] A. Campoleoni, S. Fredenhagen, S. Pfenninger and S. Theisen, "Asymptotic symme- 
tries of three-dimensional gravity coupled to higher-spin fields," JHEP 1011 (2010) 
007 [arXiv: 1008.4744 [hep-th]]. 

[15] J. D. Brown and M. Henneaux, "Central Charges in the Canonical Realization of 
Asymptotic Symmetries: An Example from Three-Dimensional Gravity," Commun. 
Math. Phys. 104 (1986) 207. 

[16] P. Bouwknegt and K. Schoutens, "W symmetry in conformal field theory," Phys. 
Rept. 223 (1993) 183 [arXiv:hep-th/9210010]. 

[17] M. R. Gaberdiel, R. Gopakumar and A. Saha, "Quantum VT-symmetry in At/S's," 
JHEP 1102 (2011) 004 [arXiv: 1009.6087 [hep-th]]. 

[18] M. R. Gaberdiel and R. Gopakumar, "An AdSa Dual for Minimal Model CFTs," 
Phys. Rev. D83 (2011) 066007 [arXiv:1011.2986 [hep-th]]. 

[19] M. R. Gaberdiel and T. Hartman, "Symmetries of Holographic Minimal Models," 
arXiv:1101.2910 [hep-th]. 

[20] M. R. Gaberdiel, R. Gopakumar, T. Hartman and S. Raju, "Partition Functions of 
Holographic Minimal Models," [arXiv: 1106. 1897 [hep-th]]. 

[21] C. M. Chang and X. Yin, "Higher Spin Gravity with Matter in AdS^^ and Its CFT 
Dual," arXiv:1106.2580 [hep-th]. 

58 



[22] E. Kiritsis and V. Niarchos, "Large-N limits of 2d CFTs, Quivers and AdSs duals," 
JHEP 1104 (2011) 113 [arXiv:1011.5900 [hep-th]]. 

[23] C. Ahn, "The Large N 't Hooft Limit of Coset Minimal Models," [arXiv:1106.0351 

[hep-th]]; 

M. R. Gaberdiel and C. Vollenweider, "Minimal Model Holography for S0(2N)," 
arXiv:1106.2634 [hep-th]. 

[24] O. Coussaert, M. Henneaux and P. van Driel, "The Asymptotic dynamics of three- 
dimensional Einstein gravity with a negative cosmological constant," Class. Quant. 
Grav. 12 (1995) 2961 [arXiv:gr-qc/9506019]. 

[25] M. Bahados, "Global Charges In Chern-Simons Field Theory And The (2+1) Black 
Hole," Phys. Rev. D 52 (1996) 5816 [arXiv:hep-th/9405171]. 

[26] M. Bahados, "Three-dimensional quantum geometry and black holes," arXiv:hep- 
th/9901148. 

[27] L. A. Dickey, Soliton Equations and Hamiltonian Systems, World Scientific, Singa- 
pore (2003). 

[28] J. Balog, L. Feher, L. O'Raifeartaigh, P. Forgacs and A. Wipf, "Toda theory and 
W-algebra from a gauged WZNW point of view," Annals Phys. 203 (1990) 76. 

[29] E. Bergshoeff, M. P. Blencowe and K. S. Stelle, "Area Preserving Diffeomorphisms 
And Higher Spin Algebra," Commun. Math. Phys. 128 (1990) 213. 

[30] C. N. Pope, L. J. Romans and X. Shen, "W(infinity) And The Racah-Wigner Alge- 
bra," Nucl. Phys. B339 (1990) 191. 

[31] M. A. Vasiliev, "Higher spin algebras and quantization on the sphere and hyper- 
boloid," Int. J. Mod. Phys. A 6 (1991) 1115. 

[32] E. S. Fradkin and V. Y. Linetsky, "Infinite Dimensional Generalizations Of Simple 
Lie Algebras," Mod. Phys. Lett. A 5 (1990) 1967. 

[33] M. Bordemann, J. Hoppe and P. Schaller, "Infinite Dimensional Matrix Algebras," 
Phys. Lett. B232 (1989) 199. 

[34] A. Achucarro and P. K. Townsend, "A Chern-Simons Action for Three-Dimensional 
anti-De Sitter Supergravity Theories," Phys. Lett. B 180 (1986) 89. 

[35] E. Witten, "(2+l)-Dimensional Gravity as an Exactly Soluble System," Nucl. Phys. 
B 311 (1988) 46. 



59 



[36] J. M. Figueroa-O'Farrill, J. Mas and E. Ramos, "A One parameter family of Hamil- 
tonian structures for the KP hierarchy and a continuous deformation of the non- 
hnear W(KP) algebra," Commun. Math. Phys. 158 (1993) 17 [hep-th/9207092], 
"The Topography of W(infinity) type algebras," Phys. Lett. B299 (1993) 41 [hep- 
th/9208077]. 

[37] B. Khesin, I. Zakharevich, "Poisson Lie group of pseudodifferential symbols and frac- 
tional KP - KdV hierarchies," [hep-th/9311125], "Poisson - Lie group of pseudodif- 
ferential symbols," Commun. Math. Phys. 171 (1995) 475-530. [hep-th/9312088]. 

[38] E. Sezgin and P. Sundell, "An Exact solution of 4-D higher-spin gauge theory," Nucl. 
Phys. B762 (2007) 1 [hep-th/0508158]; 

C. lazeoUa, E. Sezgin and P. Sundell, "Real forms of complex higher spin field equa- 
tions and new exact solutions," Nucl. Phys. B791 (2008) 231 [arXiv:0706.2983 

[hep-th]]. 

[39] V. E. Didenko and M. A. Vasiliev, "Static BPS black hole in 4d higher-spin gauge 
theory," Phys. Lett. B682 (2009) 305-315. [arXiv:0906.3898 [hep-th]]. 

[40] V. E. Didenko, A. S. Matveev and M. A. Vasiliev, "BTZ Black Hole as Solution of 3-D 
Higher Spin Gauge Theory," Theor. Math. Phys. 153 (2007) 1487 [hep-th/0612161]. 

[41] A. Castro, A. Lepage- Jutier and A. Maloney, "Higher Spin Theories in AdS^ and a 
Gravitational Exclusion Principle," JHEP 1101 (2011) 142 [arXiv: 1012.0598 [hep- 
th]]. 

[42] M. Gutperle and P. Kraus, "Higher Spin Black Holes," JHEP 1105 (2011) 022 
[arXiv:1103.4304 [hep-th]]. 

[43] M. Ammon, M. Gutperle, P. Kraus and E. Perlmutter, "Spacetime Geometry in 
Higher Spin Gravity," [arXiv: 1106.4788 [hep-th]]. 

[44] D. Sorokin, "Introduction to the classical theory of higher spins," AIP Conf. Proc. 
767 (2005) 172 [arXiv:hep-th/0405069]; 

N. Bouatta, G. Compere and A. Sagnotti, "An introduction to free higher-spin fields," 
arXiv:hep-th/0409068; 

D. Francia and A. Sagnotti, "Higher-spin geometry and string theory," J. Phys. Conf. 
Ser. 33 (2006) 57 [arXiv:hep-th/0601199]; 

A. Campoleoni, "Metric-like Lagrangian Formulations for Higher-Spin Fields of 
Mixed Symmetry," Riv. Nuovo Cim. 33 (2010) 123 [arXiv:0910.3155 [hep-th]]; 

D. Francia, "Low-spin models for higher-spin Lagrangians," Prog. Theor. Phys. 
Suppl. 188 (2011) 94 [arXiv:1103.0683 [hep-th]]. 

[45] M. A. Vasiliev, "'Gauge' Form Of Description Of Massless Fields With Arbitrary 
Spin. (In Russian)," Yad. Fiz. 32 (1980) 855 [Sov. J. Nucl. Phys. 32 (1980) 439]. 

60 



[46] V. E. Lopatin and M. A. Vasiliev, "Free massless bosonic fields of arbitrary spin in 
d-dimensional de Sitter space," Mod. Pfiys. Lett. A 3 (1988) 257. 

[47] C Aragone and S. Deser, "Higher Spin Vierbein Gauge Fermions And Hypergravi- 
ties," Nucl. Pliys. B170 (1980) 329. 

[48] M. A. Vasiliev, "Free massless fermionis fields of arbitrary spin in d-dimensional de 
Sitter space," Nucl. Phys. B301 (1988) 26. 

[49] S. Carlip, "Conformal field theory, (2+l)-dimensional gravity, and the BTZ black 
hole," Class. Quant. Grav. 22 (2005) R85 [arXiv:gr-qc/0503022]. 

[50] M. Bafiados, K. Bautier, O. Coussaert, M. Henneaux and M. Ortiz, "Anti-de Sit- 
ter/CFT correspondence in three-dimensional super gravity," Phys. Rev. D 58 (1998) 
085020 [arXiv:hep-th/9805165]. 

[51] M. Henneaux, L. Maoz and A. Schwimmer, "Asymptotic dynamics and asymptotic 
symmetries of three-dimensional extended AdS super gravity," Annals Phys. 282 
(2000) 31 [arXiv:hep-th/9910013]. 

[52] F. A. Bais, T. Tjin and P. van Driel, "Covariantly coupled chiral algebras," Nucl. 
Phys. B 357 (1991) 632. 

[53] J. De Boer and J. Goeree, "Covariant W gravity and its moduli space from gauge 
theory," Nucl. Phys. B401 (1993) 369 [hep-th/9206098]. 

[54] E. B. Dynkin, "Semisimple subalgebras of semisimple Lie algebras," Trans. Am. 
Math. Soc. 6 (1957) 111. 

[55] A. M. Polyakov, "Gauge Transformations and Diffeomorphisms," Int. J. Mod. Phys. 
A5 (1990) 833; 

M. Bershadsky, "Conformal field theories via Hamiltonian reduction," Commun. 
Math. Phys. 139 (1991) 71. 

[56] E. S. Fradkin and M. A. Vasiliev, "Candidate To The Role Of Higher Spin Symmetry," 
Annals Phys. 177 (1987) 63. 

[57] E. Sezgin and P. Sundell, "Geometry and Observables in Vasiliev's Higher Spin Grav- 
ity," [arXiv:1103.2360 [hep-th]]. 

[58] J. A. de Azcarraga, A. J. Macfarlane, A. J. Mountain and J. C. Perez Bueno, "Invari- 
ant tensors for simple groups," Nucl. Phys. B510 (1998) 657-687 [physics/9706006]. 

[59] B. Khesin and F. Malikov, "Universal Drinfeld-Sokolov reduction and matrices of 
complex size," Commun. Math. Phys. 175 (1996) 113 [hep-th/9405116]. 



61 



